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Notations Used  

ὺὯ+ 1 New velocity of particle 

ὺὯ Previous velocity of particle 

ὼὯ+ 1,ὴέίὯ+ 1 New position of particle 

ὼὯ,ὴέίὯ Previous position of particle 

ps Population size 

D Number of dimensions 

ὶὥὲὲόά1,ὶὥὲὲόά2 Random number 

Ὥύ1,Ὥύ2 Initial and final inertia weights respectively 

ὭύὩ 
Iteration when the inertia weight becomes equal to the final inertia 

weight 

i iteration number 

Ὥύὸ Inertia weight at ith iteration 

ὥὧ1,ὥὧ2 
Acceleration constants for personal best and global best influence 

respectively 

ὥὧ11,ὥὧ22 Randomized acceleration constants based on ὥὧ1,ὥὧ_2 respectively 

ὴὦὩίὸ,ὫὦὩίὸ Personal best and global best values for ith iteration 

ὧὬὭ,Ὧὥὴὴὥ Constriction coefficients 

ὨὭ
±  Deviation variable 

ύὭ Weight 

Z Objective function value 

ὴάὥὼ Maximum system pressure 

Ὀὦ Bore diameter 

D Pump displacement 

Ὗὴάὥὼ,Ὀὦ,Ὀ Total utility function 

ὯὭ Utility function coefficient 

όὭ Individual utility function 

ὢᶻ Optimal solution 
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1. Introduction  

1.1 Problem Overview 

The problem addressed is the optimization of an industrial self-contained trash compactor, specifically 

the sizing of the hydraulic system of the trash compactor.   

 

Figure 1. Self-contained Trash Compactor 

Figure 1 shows a picture of a self-contained trash compactor, commonly used in industrial settings.  As 

shown the hydraulic system is used to actuate a ram forward to store and compact the trash in the 

storage area.  Section 0 provides more details of the working of a compactor and Figure 3 shows a line 

diagram of the compactor.  The type of trash varies but the compactor can be designed for an average 

trash density.  Optimization is used to obtain the proper sizes of the hydraulic components to ensure the 

compactor can perform its function yet not be over-designed.  Thus for this project the problem involves 

using Particle Swarm Optimization (PSO) to determine the optimal solution for the trash compactor 

system being modeled.    

1.2 Motivation  

The variety of modeling tools available has increased rapidly in the last decade due to the advances in 

personal computing power.  It is possible to describe complex systems using tools like Modelica, FEA, 

CFD, and other tools in the various engineering domains.  Modelica simulations, used for modeling 

energy based systems, are a type of black-box models because the mathematical formulas involved are 

very complex and not visible to the designer.  For given inputs to the Modelica model, outputs are 

Storage 

area 

Hydraulic 
system 

Trash inlet 
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obtained and time varying quantities can be simulated.  This is a challenge for optimization techniques 

because they work best with mathematical models.   

¢ƘŜ ǘƻƻƭ άaƻŘŜƭ /ŜƴǘŜǊέ ǇǊƻǾƛŘŜǎ ŀƴ ƛƴǘŜǊŦŀŎŜ ŦƻǊ ǇŜǊŦƻǊƳƛƴƎ ǾŀǊƛƻǳǎ ŀƴŀƭȅǎŜǎ ƛƴŎƭǳŘƛƴƎ 

optimization on such black-box models.  Interfacing Matlab with Model Center would greatly enhance 

aƻŘŜƭ /ŜƴǘŜǊΩǎ ŎŀǇŀōƛƭƛǘƛŜǎ ōȅ ǇǊƻǾƛŘƛƴƎ ŀŘŘŜŘ ǘƻƻƭǎ ŦƻǊ ŀƴŀƭȅȊƛƴƎ ƳƻŘŜƭǎΦ   

Particle Swarm Optimization (PSO) is a relatively new technique (1995) and is different from 

genetic algorithms because the updating process relies on the other particles (points) and is not 

random.   

1.3 Goals and Purpose 

The goal of this project is to utilize PSO to solve a real world engineering problem and compare the 

results to other approaches like pattern search, genetic algorithms, etc.  Another aspect will be to 

compare the utility theory approach and the use of deviation variables and goals.     

1.4 Approach 

As discussed in section 1.1, the project involves the following broad steps:  

¶ Create a model that accurately reflects the various attributes of the trash compactor system 

¶ Formulate an objective function that properly incorporates the multiple competing objectives 

(e.g. performance, cost). 

¶ Perform an optimization using PSO and other techniques to obtain a design that maximizes (or 

minimizes) the objective function, depending on the formulation technique. 

Therefore the following approach has been taken in this project report: 

¶ An introduction to the problem is provided in Chapter 1. 

¶ Chapter 2 provides a brief background on the various terminology and techniques used in this 

project. 

¶ The trash compactor model and surrogate model is discussed in Chapter 3. 

¶ The objective function formulation and optimization is covered in Chapter 4. 

¶ In Chapter 5, the results of the optimization and conclusions are shown. 

¶ The references cited are included in Chapter 6 and the Appendix provides the Matlab Source 

Codes for the optimizers used.   
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2. Background 

2.1 Evolutionary Optimization Algorithms 

Genetic Algorithms (GA) are a type of Evolutionary computations (1) that simulate the evolution process 

(2).  GAs use three main operations ς selection, crossover and mutation (1).  GA is based on Darwinian 

evolution, i.e. selection, survival of the fittest members of each generation and the propagation of 

characteristics in proportion to their fitness (3).  This is in contrast to PSO, which will be discussed in the 

next section.  Despite this the GA, PSO and other population based search algorithms are all based on 

the same principle, i.e. update the population by applying some operation related to the fitness of the 

environment (objective function value) so that the population moves towards better solutions and 

finally the optimal solution (4).  More detailed information regarding the implementation of a simple GA 

Ŏŀƴ ōŜ ŦƻǳƴŘ ƛƴ ǘƘŜ ōƻƻƪ άhǇǘƛƳƛȊŀǘƛƻƴ /ƻƴŎŜǇǘǎ ŀƴŘ !ǇǇƭƛŎŀǘƛƻƴǎ ƛƴ 9ƴƎƛƴŜŜǊƛƴƎέ ōȅ .ŜƭŜƎǳƴŘǳ (2).  A 

comparison between GA and PSO will be presented in the next section.    

2.2 Particle Swarm Optimization 

The Particle Swarm Optimization (PSO) method is a relatively new technique developed in 1995 by 

James Kennedy and Russell Eberhart (5).  The PSO algorithm was inspired by the social behavior model 

exhibited by bird flocking, fish schooling as well as the ability of human societies to process knowledge 

(5)(6).  It is based on the principle of self-organization as opposed to selection (Darwinian view of 

evolution).  The population in a particle swarm converges in optimal regions of the search space because 

each individual trajectory is adjusted toward the successes of its neighbors (3).   

This difference in philosophy distinguishes PSO from GA and other evolutionary algorithms.  

Instead of evolutionary operators (selection, crossover, mutation), each particle in PSO has a position 

and velocity that get dynamically updated according to its own previous best position (local best) and 

the previous best of all the particles (global best) (4). 

Figure 2 illustrates the basic PSO algorithm in the form of a flow chart.  An initial population of 

ǇŀǊǘƛŎƭŜǎ όǇƻƛƴǘǎύ ŀǊŜ ǎŜƭŜŎǘŜŘ ŀǘ ǊŀƴŘƻƳ ƻǊ ǎǇŜŎƛŦƛŜŘ ōȅ ǘƘŜ ǳǎŜǊΦ  9ŀŎƘ ǇŀǊǘƛŎƭŜΩǎ Ǉƻǎƛǘƛƻƴ ƛƴ ǘƘŜ ǎŜŀǊŎƘ 

space is determined (objective function value) and accordingly personal best positions for each particle 

and a global best for the entire swarm is maintained through each iteration.  Different ways of updating 

the velocity and positions have led to numerous variations of the basic PSO algorithm.  The common 

PSO (used in this project) involves the use of inertia weights that affect the influence of global and local 

best (7).   
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/ǊŜŀǘŜ ŀ ΨǇƻǇǳƭŀǘƛƻƴΩ ƻŦ Ǉƻƛƴǘǎ όǇŀǊǘƛŎƭŜǎύ 
randomly in the search space  

9ǾŀƭǳŀǘŜ ŜŀŎƘ ǇŀǊǘƛŎƭŜΩǎ Ǉƻǎƛǘƛƻƴ ōȅ ŎŀƭŎǳƭŀǘƛƴƎ 
the objective function value 

Store the local best position for each particle.  
LŦ ŀ ǇŀǊǘƛŎƭŜΩǎ ŎǳǊǊŜƴǘ Ǉƻǎƛǘƛƻƴ ƛǎ ōŜǘǘŜǊ ǘƘŀƴ 

the previous best, update it. 

Determine the global best among all particles 

ὺὯ+ 1 = ὺὯ+ ὰέὧὥὰ ὦὩίὸ ὭὲὪὰόὩὲὧὩ
+ (Ὣὰέὦὥὰ ὦὩίὸ ὭὲὪὰόὩὲὧὩ) 

Update the velocities of all particles 

ὼὯ+ 1 = ὼὯ+ ὺὯ+ 1 
Move particles to new positions  

Are stopping 
criteria 

satisfied? 

No 

Optimal solution reached 

Yes 

Figure 2. Basic PSO algorithm 
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Some of the main variants are: 

¶ Use of Inertia weight (7) to prevent premature convergence 

¶ Canonical PSO is a variant of the inertia weight method and involves the use of a 

άŎƻƴǎǘǊƛŎǘƛƻƴ ŦŀŎǘƻǊέ.  

¶ Fully Informed PSO in which a particle uses information from all its neighbors instead of only 

the best one(8) 

¶ A hybrid algorithm based on PSO and GA (9)   

¶ Other types that use different velocity update rules, incorporate other algorithm techniques  

In this project, the Common PSO algorithm with inertia weights and the Canonical PSO with 

constriction factor will be used.  The Matlab source code implementation for PSO (10) is available from 

the Mathworks website.  The implementation of PSO is included in Appendix and the velocity and 

position update formulas from the algorithm are provided below. 

Common PSO with inertia weights: 

ὶὥὲὲόά1  =  ὶὥὲὨ([ὴί,Ὀ]) 

ὶὥὲὲόά2  =  ὶὥὲὨ([ὴί,Ὀ]) 

ὭύὸὭ=
Ὥύ2 Ὥύ1

ὭύὩ 1
× Ὥ 1 + Ὥύ1 

ὥὧ11 = ὶὥὲὲόά1.z ὥὧ1 

ὥὧ22 = ὶὥὲὲόά2.z ὥὧ2 

ὭύὸὭ= Ὥύ2 

ὺὩὰὯ+ 1 = ὭύὸὭ.z ὺὩὰὯ

+ ὥὧ11 .z ὴὦὩίὸ ὴέίὯ

+ ὥὧ22 .z ὶὩὴάὥὸὫὦὩίὸ,ὴί,1 ὴέίὯ  

ὴέίὯ+ 1 = ὴέίὯ+ ὺὩὰὯ+ 1 

Inertia Weights are used in the velocity update formula in which the inertia changes for each 

iteration, starting from the initial weight at iteration=0 and final inertia weight at iteration=ὭύὩ.  A larger 

inertia weight facilitates global exploration (searching new areas) while a smaller inertia weight 

facilitates local exploration to fine tune the current search area (1).  This will be shown in section 5.2 on 

ά±ŀǊƛŀǘƛƻƴ ƻŦ LƴŜǊǘƛŀ ²ŜƛƎƘǘǎέΦ 
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Canonical PSO with constriction factor (proposed by Clerc and Kennedy (11)): 

ὶὥὲὲόά1  =  ὶὥὲὨ ὴί,Ὀ  

ὶὥὲὲόά2  =  ὶὥὲὨ ὴί,Ὀ  

Ὧὥὴὴὥ= 1 

ὭὪ ὥὧ1 + ὥὧ2 4   

ὧὬὭ= Ὧὥὴὴὥ 

ὩὰίὩ { 

ὴίὭ=  ὥὧ1 + ὥὧ2 

ὧὬὭὨὩὲ= 2 ὴίὭ ὴίὭ2 4 ὴzίὭ  

ὧὬὭὲόά = 2 Ὧzὥὴὴὥ  

ὧὬὭ=
ὧὬὭὲόά
ὧὬὭὨὩὲ

  

}  

ὺὩὰὯ+ 1 = ὧὬὭz [ὺὩὰὯ
+ ὥὧ1 .z ὶὥὲὲόά1 .z ὴὦὩίὸ ὴέίὯ
+ ὥὧ2 .z ὶὥὲὲόά2 .z ὶὩὴάὥὸὫὦὩίὸ,ὴί,1 ὴέίὯ ] 

A constriction parameter is included in the velocity update formula to prevent explosion, i.e. to 

restrict the velocity and positions from approaching infinity (11).  A comparison of results and a visual 

ǊŜǇǊŜǎŜƴǘŀǘƛƻƴ ƻŦ ǘƘŜ ŎƻƴǾŜǊƎŜƴŎŜ ǿƛƭƭ ōŜ ǎƘƻǿƴ ƛƴ ǎŜŎǘƛƻƴ рΦн ƻƴ ά/ƻƳǇŀǊƛǎƻƴ ōŜǘǿŜŜƴ /ƻƳƳƻƴ t{h 

ŀƴŘ /ŀƴƻƴƛŎŀƭ t{hέΦ  Eberhart and Shi (12) discuss a comparison between the common PSO and the 

canonical PSO method. 

PSO and Evolutionary algorithms have much in common, and analogies can be made to fit 

represent PSO as a type of evolutionary algorithm.  As discussed in the previous section, GAs use mainly 

three operations ς selection, crossover, and mutation.  Table 1 shows a comparison between the PSO 

and GA/Evolutionary algorithms and their corresponding operations.     
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Table 1. Comparison between PSO and GA / evolutionary algorithms (1)(13)(3) 

Particle Swarm Optimization (PSO) Genetic Algorithm(GA) / Evolutionary Algorithms (EA) 

PSO does not use survival of the fittest.  The 

particles chosen in the start remain for the entire 

ŘǳǊŀǘƛƻƴΦ  ¢ƘŜ ǇŀǊǘƛŎƭŜǎΩ Ǉƻǎƛǘƛƻƴǎ ŀǊŜ ƳŀƴƛǇǳƭŀǘŜŘ 

according to their personal best and global best.   

Selection: All EAs utilize the survival of the fittest to improve 

the population by removing individuals (chromosomes) with 

low fitness values. 

There is no explicit crossover, i.e. particles do not 

combine together to form new particles.  Offspring 

are not created; instŜŀŘ ǘƘŜ ǇŀǊǘƛŎƭŜΩǎ ǘǊŀƧŜŎǘƻǊȅ ƛǎ 

stochastically accelerated toward its own previous 

best and the global best.  

Crossover: Crossover occurs between random members of 

the population in which parents are combined (exchange of 

data) to produce offspring for the next iteration.   

PSO has a highly directional mutation-like behavior 

because each particle has a velocity and so the 

individual modifies its velocity vector in a direction 

that is between the personal best and global best 

velocity vector.   

Mutation: Mutation involves randomly flipping bits in an 

individual to prevent individuals from having similar fitness 

levels.  Mutation usually has more impact near the end of 

the run, when the population has converged.  Mutation in 

GA is omnidirectional because any bit can be flipped 

Lƴ t{hΣ ǇŀǊǘƛŎƭŜǎΩ velocities are updated.  The 

particles themselves are not replaced. 

Lƴ 9!ǎ ǘƘŜ ƛƴŘƛǾƛŘǳŀƭǎΩ positions are acted upon, i.e. the 

individuals are replaced by new ones as a result of the 

genetic operators. 
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2.3 Self-Contained Industrial Trash Compactor 

Trash compactors are used in the area of waste processing to reduce the volume of trash through 

compaction and, to a lesser extent, reduce the problems of rodents and smell associated with trash 

storage.  They come in many sizes ς from electric powered residential trash compactors to hydraulically 

operated industrial trash compactors. 

 

Figure 3. Line diagram of self-contained trash compactor 

Self-contained Compactors are useful for storing wet waste because the compacting and storage 

units are contained on the same structure, i.e. they are not separable.  This allows for better sealing 

between the two areas.  The compactors are transported to the dumpsite where they are tipped to 

remove the trash.  There is a substantial cost benefit derived from compacting since the number of 

times it would have to be tipped (i.e. removal of garbage) would be drastically reduced.   

Figure 3 shows a line diagram view of the trash compactor.  As shown in the figure, hydraulic 

cylinders drive the compactor ram forward.  It moves by a stroke equal to the length of the inlet area 

ŀƴŘ ǘƘŜ ŀƳƻǳƴǘ ƻŦ ǊŀƳ ǇŜƴŜǘǊŀǘƛƻƴ όǳǎǳŀƭƭȅ ŀǊƻǳƴŘ сέύΦ  ! three-phase AC squirrel cage electric motor 

supplies power to a fixed displacement pump that operates the hydraulic cylinders.   

The system of interest for this project will be the hydraulic system for trash compaction which 

consists of the hydraulic cylinder and pump.  The design variables and objectives for the compactor 

model will be discussed in the next section. 

  

Ram 
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2.4 Objectives and Design Variables 

The trash compactor provides different value to different users and stakeholders.  Therefore there are 

multiple objectives that the compactor is designed for.  Since the model was confined to the hydraulic 

system and how it affected performance and cost, objectives related to aesthetics, retail cost, size of 

container, safety features, and other factors that contributed to the overall product were not 

considered.  Thus the following four objectives related to performance and cost were considered:  

Table 2. Multiple Objectives for Trash Compactor Model 

Objective Minimization / Maximization 

Maximum trash density (kg/m3) Maximize 

Average cycle time (s) Minimize 

Energy consumed (J), Minimize 

Component cost of cylinder and pump ($). Minimize 

The maximum trash density that the given configuration can compact is to be maximized while 

the average cycle time, energy consumed and the component cost incurred is to be minimized.  An 

objective function consisting of these multiple objectives was formulated by different methods, namely 

the deviation function (goal programming) approach and utility theory approach.  Other methods exist 

like weighted sum, lexicographic principle and others. 

 

 

  Depending on the objective function formulation, four attributes could become difficult to 

interpret and handle from both a logical and mathematical point of view.  Therefore maximum trash 

density and average cycle time were combined to represent a performance metric of a compactor while 

the energy consumed, which can be considered as the operating cost of the compactor, and the 

Maximum 
Trash Density 

Average Cycle 
Time 

Energy 
Consumed 

Component 
cost 

Total Cost Performance 

Objective 
function 

Figure 4.Multi-objective hierarchy tree 
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component cost were combined as a cost metric.  This formulation of performance and cost attributes is 

represented in Figure 4.   

The design variables were restricted to the hydraulic sizing parameters, namely the bore 

diameter (m), pump displacement (m3/rev) and maximum system pressure (Pa).  

¶ Higher bore diameters allow more force to be applied on the trash, consequently producing 

higher trash densities at the expense of increased energy, cycle time and cost 

¶ Higher maximum system pressure allows the system to attain higher pressures and therefore 

produce higher trash densities.  Energy consumption is also higher because of longer running 

times while cost and cycle time are not largely affected. 

¶ Larger pump displacements pump more fluid through the system per revolution, thereby 

decreasing the average cycle time.  The component cost is affected though. 

 

 

 

  



Modeling of Trash Compactor 

Optimization of an Industrial Trash Compactor using Particle Swarm Optimization 11 

 

3. Modeling of Trash Compactor 

3.1 Modelica Simulation Model 

Modelica is an object-oriented modeling language used to model complex physical systems, e.g. systems 

containing multiple domains like electrical, thermal, mechanical, hydraulic, control, etc.(14).  Modelica 

models are important in system-level considerations where dynamics play a role.  Using the tool 

Dymola, a Modelica simulation model of the trash compactor system described in Chapter 2 was created 

for the ME 6105 project (15) and is presented below.   

 

Figure 5. Modelica Simulation model of trash compactor system 

Figure 5 shows the system-level Modelica simulation model that consists of four main sub-systems: 

¶ The Hydraulic sub-system shown in Figure 6 in which a fixed displacement pump provides fluid 

to a hydraulic cylinder through an open-center valve.  The cylinder exerts a linear force on the 

ram block (represented by sliding mass) which then compacts the trash.  

¶ The motor power unit, consisting of a three phase AC squirrel cage induction motor 

¶ Trash subsystem consisting of a Trash force model that relates the mass of the trash in the 

compactor to a force which is applied to the hydraulic cylinders.        

¶ Controller subsystem that is used to know when the cylinders have reached their minimum and 

maximum points and when to add mass for the next compaction cycle.  
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Figure 6. Hydraulic system model 

In the hydraulic system, the design variables (pump displacement, maximum system pressure, 

and bore diameter) can be controlled by proper selection of pump and cylinder.  The cost of the system 

is therefore related to the selection of the cylinder and pump, assuming that the remaining components 

have a constant cost.  The cost model for pump and cylinder was generated from the Kriging model 

created by Rich Malak (16) and details regarding the assumptions and implementation methods can be 

found in the ME6105 project report (15).   

 

Figure 7. Combined system model in Model Center  
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The complete model consisting of Dymola Simulation and the Matlab Cost Model was combined 

in Model Center and is shown in Figure 7.  The objective function formulation is done using the objective 

values generated by the model shown below.  Details on the objective formulation will be shown in the 

ƴŜȄǘ ŎƘŀǇǘŜǊ ƻƴ άhǇǘƛƳƛȊŀǘƛƻƴ ƻŦ ¢ǊŀǎƘ /ƻƳǇŀŎǘƻǊ {ȅǎǘŜƳέΦ   

The simulation results for a particular set of design variables are provided in Table 3 and Figure 8 

to give the reader an idea of the behavior of the compactor system.   

Table 3. Objectives values for a design variable set 

Design Variables Objectives 

 
Maximum Trash 
Density (kg/m

3
) 

Average Cycle 
Time (s) 

Energy 
Consumed (J) 

Component 
cost ($) 

Bore diameter = 0.15m 
Pump displacement = 2.4e-5 m

3
/rev 

Max system pressure = 1.45e7 Pa 
945  31.5 1.7e6 743 

Bore diameter = 0.175m 
Pump displacement = 3.25e-5 m

3
/rev 

Max system pressure = 1.7e7 Pa 
1551  32.7 5.4e6 1039 

 

Figure 8. Dymola simulation results of the three objectives 
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3.2 Surrogate Model using Kriging Surface 

As discussed in Chapter 1 the initial problem involved the use of optimization algorithms inside of Model 

Center, but the computation time involved in running the actual simulation model each time was too 

great.  Each individual simulation took around the order of 30-60 seconds (depending on the design 

variable set) to complete.  For a traditional optimization this could be manageable but for a population-

based algorithm like PSO, the objective function would need to be called for each particle in every 

iteration of the optimizer. For a swarm of 30 particles, one iteration would take around 1200s (20 min) 

and therefore a complete optimization of say 100 iterations would take 2000 min (1.5 days).  If the 

number of particles were increased to 50 then the total time taken would be 2.5 days.   

A surrogate model was used as a substitute to the actual simulation model in order to reduce 

the computation time involved.  A Kriging approximation was therefore generated for the simulation 

model and used in the optimization algorithm (17).  A nine-level Design of Experiment (DoE) was 

performed on the simulation model to provide input data points for the Kriging predictor.  The Kriging 

model uses regression analysis and correlation models to fit an approximation over the inputs provided.  

See the comments and code in Appendix ς Matlab Source Codes for details regarding the parameter 

values and generation of the Kriging approximation model. 

The Kriging model generated can be used in Matlab as a function call, thereby removing the 

computation expense involved in running the actual simulation model each time.  10000 calls to the 

Kriging model took 6.37s as calculated by Matlab, resulting in an average of 0.6 milli-seconds for one 

simulation call.  To check the validity of the Kriging predictions, another eight-level DoE was performed 

and the results of the Kriging model were compared to the actual simulation results.  The error between 

the actual and predicted results was less than 4%, and so the approximation was considered to be 

adequate for the purposes of this project. 
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4. Optimization of Trash Compactor System 

4.1 Problem Formulation and approach 

To perform optimization on the model described in the previous chapter, a Compromise Decision 

Support Problem Formulation (18) was used to represent the multi-objective design problem.  

Given 

The relevant information for the trash compactor system 

Trash coefficient  k = 260 

Market factor  m = 1 

Rod/bore ratio Ὀὶ
Ὀὦ

 
= 0.667 

The total utility function coefficients 

The surrogate model (Kriging approximation) for the simulation model of the Trash compactor 

Optimization algorithm parameters 

Find 

System variables 

They determine the hydraulic sizing parameters of the trash compactor system 

Cylinder bore diameter ς Ὀὦ (ά) 

Pump displacement ς Ὀ 
ά3

ὶὩὺ
 

Maximum system pressure ς ὴάὥὼ (ὖὥ) 

Deviation variables 

They determine the deviation of the goals from their associated target values: 

Ὠ1
+  represents over-achievement of the maximum trash density 

ὯὫ

ά3  

Ὠ1  represents under-achievement of the maximum trash density 
ὯὫ

ά3  

Ὠ2
+  represents over-achievement of the energy consumed (J) 

Ὠ2  represents under-achievement of the energy consumed (J) 
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Ὠ3
+  represents over-achievement of the average cycle time (s) 

Ὠ3  represents under-achievement of the average cycle time (s) 

Ὠ4
+  represents the over-achievement of the component cost ($) 

Ὠ4  represents the under-achievement of the component cost ($) 

Satisfy 

Bounds 

  ¢ƘŜȅ ŀǊŜ ōŀǎŜŘ ƻƴ ǘƘŜ ŘŜǎƛƎƴŜǊΩǎ ƧǳŘƎƳŜƴǘ ŀƴŘ ǘƘŜ ǇƘȅǎƛŎŀƭ ƭƛƳƛǘŀǘƛƻƴǎΥ 

1.4Ὡ7 ὴάὥὼ 2Ὡ7 The limits of maximum system pressure that 

the system can handle 

0.1 Ὀὦ 0.2 The bore diameter of the hydraulic cylinder 

2 1z0 5 Ὀ 4 1z0 5 The pump displacement  

 System goals 

  Utility theory: Maximize total utility 

  Deviation variables: 

Meet (high) target value of the maximum trash density of trash compactor 

ὨὩὲίὭὸώ+ Ὠ1 Ὠ1
+ = ὋέὥὰὨὩὲίὭὸώ 

Meet (low) target value of the energy consumed by the trash compactor 

ὩὲὩὶὫώ+ Ὠ2 Ὠ2
+ = ὋέὥὰὩὲὩὶὫώ 

Meet (low) target value of the average cycle time of trash compactor 

ὧώὧὰὩὝὭάὩ+ Ὠ3 Ὠ3
+ = ὋέὥὰὧώὧὰὩὝὭάὩ 

Meet (low) target value of the component cost of the trash compactor 

ὧέίὸ+ Ὠ4 Ὠ4
+ = Ὃέὥὰὧέίὸ 

 Minimize/Maximize 

  Utility function: 

   Maximize total utility, ὤ= Ὗ(ὴάὥὼ,Ὀὦ,Ὀ) 

Deviation function ς Archimedean weighted scheme: 
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 Minimize the deviation, ὤ= ύ1Ὠ1 + ύ2Ὠ2
+ + ύ3Ὠ3

+ + ύ4Ὠ4
+   

The system model is so constructed and bounded that all combinations of design variables lead 

to feasible solutions.  Thus except for bounds there are no system constraints specified on the model.  

For the same model two approaches for objective function formulation have been taken, namely the 

utility theory approach and the use of deviation variables.  The formulation for both will be discussed in 

the next sections. 

 

4.2 Utility Theory 

Utility theory is a rigorous mathematical theory used to explicitly address the value tradeoffs and 

uncertainties that form multi-objective decisions and problems (19).  It provides a way of expressing 

preferences for the different attributes and formulating a utility function that takes into account the 

tradeoffs between the various attributes.  Utility theory has some limitations, one of which is the 

difficulty in changing the utility function without repeating the whole process of establishing 

preferences and tradeoffs for the attributes.  As will be discussed in the next section, it is useful to 

change the objective function formulation (e.g. alter the weights of the objectives) and observe the 

changes in optimal solutions.  aƻǊŜ ŘŜǘŀƛƭǎ ǊŜƎŀǊŘƛƴƎ ǳǘƛƭƛǘȅ ǘƘŜƻǊȅ Ŏŀƴ ōŜ ŦƻǳƴŘ ƛƴ ǘƘŜ ōƻƻƪ ά5ŜŎƛǎƛƻƴǎ 

ǿƛǘƘ aǳƭǘƛǇƭŜ hōƧŜŎǘƛǾŜǎέ ōȅ YŜŜƴŜȅ (19).   

A utility function was generated for the ME6105 project (15) utilizing Excel and Model Center.  

Excel and Model Center were not applicable for this project and so only the data regarding the utility 

function was used.  Thus using the preference data and utility function coefficient data, a utility function 

was formulated in Matlab.  Preference data for the objectives and interpolation was used to create 

individual utility curves from which a total utility function was generated.  The individual utility 

preferences for the four objectives are shown below. 

  Referring Figure 4, the four objectives are grouped into two objectives (Performance, Total 

Cost) and these two objectives combined to give a total utility function.  The implementation details can 

be found in Appendix ς Matlab Source Codes.  The general form of the utility function for two objectives 

is: 

Ὗ= Ὧ1ό1 + Ὧ2ό2 + Ὧ12ό1ό2 

The utility functions for performance, total cost, and total utility are presented below. 

ὟὴὩὶὪ = 0.9294 όzὨὩὲίὭὸώ+ 0.1860 όzὧώὧὰὩὝὭάὩ 0.1154 όzὨὩὲίὭὸώ όzὧώὧὰὩὝὭάὩ 

Ὗὸέὸὥὰὅέίὸ = 0.3564 όzὩὲὩὶὫώ + 0.9114 όzὧέάὴὅέίὸ 0.2660 όzὩὲὩὶὫώ όzὧέάὴὅέίὸ 

Ὗὸέὸὥὰ= 0.8656 όzὴὩὶὪ+ 0.1731 όzὸέὸὥὰὅέίὸ 0.0387 όzὴὩὶὪ όzὸέὸὥὰὅέίὸ 

From the equations, density has the most effect on the total utility followed by component cost, 

cycle time and energy consumed. 
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Figure 9. Utility function for Trash Density 

 

Figure 10. Utility function for Cycle Time 
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Figure 11. Utility function for Energy Consumed 

 

Figure 12. Utility function for Component Cost 
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4.3 Deviation function 

The Archimedean weighted sum approach is used to formulate the deviation function in which goals 

(target values) are specified for each objective and the normalized deviation (under- or over-

achievement) from the target level is calculated.  The weighted sum of the deviation variables is the 

objective function that is to be minimized.  Trash density is to be maximized, therefore the under-

achievement Ὠ  is considered while energy consumed, cycle time and component cost are to be 

minimized and so Ὠ+  is considered.  The deviation function is to be minimized regardless of the 

individual objectives and so the function is of the form: 

ὤ= ύ1Ὠ1 + ύ2Ὠ2
+ + ύ3Ὠ3

+ + ύ4Ὠ4
+  

The deviation variable Ὠ1  is zero if the density is greater than the target (high) value for density, 

and is equal to the normalized difference between target and actual value Ὠ1 = 1
ὨὩὲίὭὸώ

ὫέὥὰὨὩὲίὭὸώ
 if 

the density is less than the target.  Different weights give rise to different objective functions and 

corresponding different optimal solutions.  This is the advantage of using deviation variables and other 

similar techniques; the ability to alter objective functions by changing weights can allow the designer to 

explore different solutions and observe the behavior of the function. 
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5. Results and Discussions 

5.1 Design Space Exploration 

The design space was explored for both the utility function and the deviation function case.  Two 

deviation functions were considered by altering the target levels for the objectives.  There are a number 

of benefits to performing a design space exploration.  First, it provides a good visualization of the 

objective function and second it is able to give a rough estimate where the optimal point is.  This is 

important when exploring the behavior of algorithms and how they operate to converge to the optimal 

region, be it maxima or minima. 

The problem consisted of three design variables and one objective function, resulting in 

problems when trying to plot all four values together.  Instead, plots will be shown with only the three 

design variables or with a plot of two design variables versus the objective function value.  In most 

cases, a plot of bore diameter and pump displacement versus objective function value for a constant 

system pressure value will be used.  From the plots below, the global optimum occurs for the upper 

bound of the system pressure and this will be justified in the section on Validation and Conclusions. 

 

Utility function: 

The utility function described in the previous chapter was plotted as a surface in three 

dimensions.  The utility surface does not change drastically when the system pressure design variable 

changes from lower to upper bound.  The contour plot shows that the global optimum with maximum 

total utility occurs for the upper bound of system pressure.  The behavior of the utility surface is peculiar 

in that the utility drops suddenly below bore diameter values of 0.125m and decreases slowly for bore 

diameters greater than 0.16m.  This is because of the preferences for the individual objectives, shown in 

Figure 9 through Figure 12.  Diameters less than 0.125 are unable to produce a high density value, 

resulting in a low utility for density.  Density has the most prominent effect in the total utility function 

and so the system is penalized heavily for low trash densities.  For higher bore diameters the system is 

able to produce very high trash densities but the preferences for density are such that for values greater 

than 1100 kg/m3 the utility for density becomes 1.  But larger bore diameters increase the cost, cycle 

time and energy consumed resulting in a decrease in total utility.  But the effects of the these three 

objectives on the total utility function are minor, as seen in the equation for total utility, and so there is 

only a slight decrease in total utility. 

The point shown in the contour plot represents the point with maximum total utility obtained 

from the DoE.  As will be seen in the optimizer results, there is a point with slightly more utility that is 

the global maximum.  For slight variations from that point in terms of bore diameter and pump 

displacement, the utility does not change significantly (no change in the first five decimal places). 
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Figure 13. Surface plot for total utility for upper and lower bounds of pressure 

 

Figure 14. Contour Plot of utility surface for upper bound of pressure. 
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Deviation function 1: 

Table 4. Target levels and weight assignment for the objectives 

Objective Target value Weight 

Trash density 1100 kg/m
3
 0.6 

Energy consumed 1e6 J 0.1 

Cycle time 28 s 0.1 

Component cost $ 600 0.2 

 

Figure 15. Deviation function surface plot for lower and upper bounds of system pressure 
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energy consumption it is.  So the weight of the trash density is kept highest at 0.6.  Cost is the next 

priority and so its weight is kept at 0.2 and cycle time and energy consumption have the least priority 

and so their weight is kept at 0.1.  The sum of the weights must be equal to 1 for the Archimedean case. 

 

Figure 16. Deviation function contour plot for upper bound of system pressure 
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Deviation function variation 2: 

Table 5. Target levels and weight assignment for the objectives 

Objective Target value Weight 

Trash density 1000 kg/m
3
 0.6 

Energy consumed 2e6 J 0.1 

Cycle time 31 s 0.1 

Component cost $ 800 0.2 

 

  

Figure 17. Deviation function surface plot for upper and lower system pressure bounds 
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zero deviation because of the reduced target levels.  The overall behavior of the surface is similar 

because the weights are kept the same.  

  

Figure 18. Deviation function contour plot for upper bound of system pressure 
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5.2 Particle Swarm Optimization 

Utility Function: 

Comparison between Common PSO and Canonical PSO: 

Two methods, the Common PSO and the Canonical PSO, were used to optimize the utility 

function and the results are shown below.  The table below shows the various settings in the PSO that 

are common to both approaches.  These same settings will be used in the subsequent comparisons done 

when studying the effect of inertia weight and acceleration constants.   

Table 6. PSO parameter settings 

 
Setting 1 

Common PSO 

Setting 2 

Canonical PSO 

Number of particles 50 50 

PSO Mode 
Common PSO with 

inertia weights 

/ƭŜǊŎΩǎ ƳŜǘƘƻŘ ǿƛǘƘ 

constriction coefficient 

Acceleration constants ╪╬, ╪╬  [2,  2] [2,  2] 

Inertia weights  ░◌ , ░◌  [0.9, 0.3] - 

Error gradient tolerance 1e-6 1e-6 

Iterations without error gradient change 20 20 

 

Figure 19 ǎƘƻǿǎ ǘƘŜ ŘƛŦŦŜǊŜƴŎŜ ƛƴ ǘƘŜ ǎǿŀǊƳΩǎ ŎƻƴǾŜǊƎŜƴŎŜ ǇŀǘƘ ŦƻǊ ǘƘŜ ǘǿƻ ƳŜǘƘƻŘǎΦ  ¢ƘŜ 

Canonical PSO converges faster (38 iterations as compared to 52) and the plot of the swarm trajectory 

indicates that the particles cluster more densely around the global best in Canonical PSO than in 

Common PSO.  The constriction coefficient is used to prevent explosion of the positions and velocities 

and it induces the function to converge to the optima (11).  More tests would need to be performed 

because there is not a significant increase in performance when optimizing the deviation functions.  

More tests would need to be performed and it is possible that the performance increase is due to the 

specific problem and function being optimized.   

Table 7. Legend for the plots 

 Color Marker 

Particles Black Dot (.) 

Personal best Green Asterisk (*) 

Global best Red Plus (+) 

 

  




