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Abstract — This paper examines the ordering of meas-
urement updates for a general Bayesian inference prob-
lem and its impact on the estimation of the posterior
distribution. The approach used compares the expected
improvement to the posterior from various types of po-
tential measurements, taking into account the current
estimated prior but not the actual measurements, to
determine the optimal measurement to perform and/or
incorporate. The expected improvement is quantified
using both an entropy and a covariance-based measure,
each of which is further approximated for computa-
tional expedience. Compared to a random ordering of
measurements, the posterior is observed to converge
more quickly, resulting in a significant improvement in
performance.
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1 Introduction

In fusing data from a network of sensors, it is possible to
have many different types of sensors that provide different
modalities and qualities of data. The measurement re-
ceived from a particular sensor at a particular time de-
pends on the sensor’s location, the sensor’s basic capabili-
ties, the current target state, and the environment.

Combining information from such diverse sources
involves both low-level and high-level challenges. The
low-level challenges relate to the physics of the sensor
systems and mathematics of signal processing. The high-
level challenges involve questions such as how to select
measurements, combine information, and plan additional
testing in order to most efficiently estimate the states of
potential targets. In this paper, the fusion of contact-level
data is considered in a single target tracking application in
which centralized data fusion is assumed.

The term “contact-level data” is used in this paper to
refer to point measurements—e.g., a passive sonar bearing
measurement of 45 degrees from receiver to target, or an
active sonar time delay measurement of 9 seconds from
transmitter to target to receiver. It is assumed that the
signal processing has been completed at the sensor level.
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This assumption allows for the consideration of high-level
fusion in a network of various sensors types and locations.

As is explained in more detail in Section 3, it is as-
sumed that, for various reasons, not all of the potential
measurement data can be used in the updating process.
Limitations such as power and bandwidth may prevent the
collection and transmission of measurements. Addition-
ally, due to numerical implementation issues and the po-
tential for erroneous measurements that fall outside the
assumed sensor model, it may be advantageous to priori-
tize the incorporation of measurements in terms of those
that are likely to provide the most insight into state estima-
tion.

The main subject of this paper is a study of how the
prioritization and sequencing of measurement updates
improves the Bayesian updating and state estimation pro-
cedure. The approach is to predict and quantify the
expected improvement to the posterior due to each candi-
date measurement and order the updates accordingly. An
outline of the paper is as follows. Section 2 contains a
brief overview of Bayesian tracking. The motivations for
prioritizing measurements updates are presented in Sec-
tion 3. The use of entropy and covariance as metrics for
prioritization is discussed in Section 4. A particular bear-
ings-only sensor scenario is explored in Section 5. Fi-
nally, the localization performance for randomly posi-
tioned bearing and time-delay sensors for the different
metrics, including each one’s computational complexity,
is consider in Section 6.

2 Bayesian tracking overview

We consider the problem of measurement prioritization in
the context of a general Bayesian inference problem.

2.1 Mathematics of Bayesian inference

The basic concept of Bayesian inference is to create a
posterior (i.e., after observation) estimate of the state of
the target using a likelihood model for sensor measure-
ments and a prior distribution on the target state. More
specifically, let p(x|z) represent the probability that the
state of the target is x, given the particular received meas-
urement z . This is called the posterior distribution in that
it is the distribution affer the receipt of z. The posterior
distribution can be calculated using Bayes’ Theorem:
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is described by probability density function p(x) having
a support region S . The entropy of X is then defined
by

H(X) = —£ p(x)log p(x)dx. 3)

4.2 Entropy and mutual information in sen-
sor selection

The first suggestion of using entropy in a problem related
to sensor management and state estimation appears to
have been [4]. Subsequently, Manyika and Durrant-
Whyte suggested considering expected information gain
in sensor management and data fusion problems [5].
Several information metrics are also discussed in [6],
including entropy differences. If H(X) is the prior en-
tropy and H(X|Z =z) is the posterior entropy after
incorporating a particular measurement, z, then the in-
crease in information is given by H(X)-H(X |Z =z).

Several authors have considered selecting measure-
ments according to the maximal mutual information, in-
cluding [7, 8]. Let I(X;Z) denote the mutual informa-
tion between the state X and the measurement Z . Then
1(X;Z) is given by

p(x,2)

I(X:Z) = p(x,2)1
(X;2)=[p(x,2) Og{p(x)pz(z)

} dxdz. (€))

Note that —/(X; Z) is just the relative entropy between the
joint density of X and Z and the product of their respec-
tive marginal densities and, thus, is a measure of statistical
dependence. It can be shown (e.g. [9 p. 43]) that

I(X;Z)=H(X)-[H(X | Z = 2)p;(2)dz, )

which may be interpreted as the expected increase in in-
formation due to a measurement of this type.

Because the calculation of the mutual information is
computationally demanding, other authors have sought
approximations, as described in the next subsection.

4.3 Approximations to mutual information

An alternative expression for the mutual information is
I(X;Z)=H(Z)-[H(Z | X = x)p(x)dx, (6)

where

H(Z|X =x)=[p(z|0)log p(z|¥)dz.  (7)

Wang and co-authors [10] have developed an ap-
proximation of this quantity, defined as follows. First,
they assume that p(z|x) varies slowly with x and, thus,
can be approximated by considering only the values near
the peak (or mean) of the prior distribution, denoted x.
Letting p(x) = d(x —x), then, one obtains the following.

[H(Z| X =x)p(x)dx ~H(Z | X = %) ®)
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Next, to compute H(Z) they approximate p(z) by as-
suming that the sensor errors are insignificant compared to
the uncertainty in the prior distribution. Thus, if z = A(x)
(ignoring sensor errors) is the mapping from state x to
measurement z , then, in the grid representation,

pz(2)= X

n:z=h(x,)

p(z]x,)p(x,)Ax,. )

4.4 Covariance as a measure of information

Covariance is a natural quantity to consider in assessing
the quality of the current prior distribution and the poten-
tial impact that a given type of measurement is expected to
have on the resulting posterior. Suppose the state x is
viewed as a column vector. Then the expected covariance
of the posterior following a measurement of Z is

C =[] (x—p)x— ) p(x|2)dxp, (2)dz,  (10)

where u is the expectation relative to the posterior. Note
that the inner integral is the covariance resulting from a
particular realization of Z ; the outer integral gives the
expected value of this quantity. The quality of a given
type of measurement may be summarized by, say, the
determinant of C , denoted det(C) ,which is related to the
volume of the corresponding ellipsoid of uncertainty.
Thus, types of measurements for which this quantity is
small are to be given higher prioritization.

4.5 Linear Gaussian approximation

Numerical computation of the expected covariance can be
slow, as the numerical integration requires integrating
over all possible measurement realizations. A faster ap-
proach would be to approximate the posterior by a multi-
variate Gaussian.

In this approach, we approximate the likelihood
function as a Gaussian probability density function with
mean Hx+b and covariance R. The matrix A and
vector b are determined by a first-order expansion of
h(x) about the current target state estimate, where A() is
the function that relates the state to the ideal measure-
ments, i.e. z=h(x) assuming no sensor errors. The co-
variance matrix R is determined by the sensor error
model.

If the prior is approximated by a Gaussian with co-
variance C, (determined by numerical integration with
respect to the prior) and the likelihood is approximated as
described above, then basic Kalman filter theory [11] tells
us that the resulting posterior is also Gaussian, with a
covariance given by

C=(Cs'+HTRHY . (11)

Note that, since C is independent of the particular realiza-

tion of the measurement, we may replace C with C in
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this approximation. Thus, types of measurements for
which det(C) is small are to be preferred.

5 Bearings-only sensor example

For ease of exploration, we begin with an example of six
bearings-only sensors, deployed as shown in Figure 1.
The sensors are assumed to be identical, and therefore
each has the same sensing error model: Gaussian errors
with mean zero and standard deviation of three degrees.
The actual errors in the simulation of the measurements
are Gaussian with mean zero and standard deviation of
two degrees. The target (shown with a black triangle) is
assumed to be stationary. The scenario is discussed in
three forms.  First, an intuitive approach to prioritizing
sensor selection is taken and the resulting posteriors ex-
amined. Second, the mutual information metric is consid-
ered. Third, the expected covariance matrix is considered.

5.1 Intuitive sensor selection

The purpose of this section is to demonstrate the behavior
of the posterior as different measurements are selected.
The measurements are chosen based on intuitive argu-
ments, which can then be compared to the results for the
two basic metrics.

Intuitively, one would expect sensors 1 and 2 to
provide (on average) more information than any other
sensors, since they are the closest to the true target posi-
tion. However, it would not be wise to select only sensors
1 and 2, as the horizontal localization would be poor.

Initially, the prior is a uniform distribution across the
shown grid, and zero elsewhere. It can be argued that
sensor 3, being located near the center of the grid, is a
reasonable first choice. After this sensor is queried and a
particular (random) measurement from sensor 3 is incor-
porated, the posterior shown in Figure 1 results.

The localization provided by this posterior is much
better in the x-direction than in the y-direction. This can
be seen in both the grid shading and in the illustrated
covariance ellipse, which was calculated from the grid
representation of the posterior. The non-normality of the
posterior is also evident. Intuitively, one desires a new
measurement that will reduce the uncertainty in the y-
direction.

Sensor 1 or 2 can be expected to provide a lot of
information in the next update; they are both relatively
close to the estimated target position, and they would each
“cut across” the posterior, essentially giving a bearing
reading close to perpendicular to the previous reading
from sensor 3. There is a slight preference for sensor 2,
since the mean of the prior happens to be closer to it.
Sensor 4 might also be expected to provide more informa-
tion than sensor 3, although the tradeoff between its better
angle and farther distance is difficult to anticipate.

Choosing sensor 2 and incorporating a (random)
measurement from it results in the posterior shown in
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Figure 2. With this posterior, it is difficult to develop an
intuitive ranking between sensors 1-3, although they all
appear better than sensors 4-6.

In Figure 3, the non-zero regions of the posteriors
that result from “perfect” observed measurements from all
sensors are shown. In other words, we assume for this
example that the observed bearings are the true bearings in
order to remove chance from the comparison. The Bayes-
ian inference procedure still considers the possibility of
error, as captured by the measurement models.

While an exact ordering of the overall quality of the
posteriors is difficult, the nature of the results is revealing.
Sensors 1 and 2 yield very similar results: specifically,
posteriors that are elongated horizontally due to a repeated
measurement along the same axis. Sensor 3 yields the
most symmetric posterior, as it “cuts across” the previous
posterior. Sensor 4 yields a posterior that is a bit in be-
tween those for sensor 3 and either sensor 1 or 2, as may
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Figure 1: Sensor layout and posterior after one update.
The color scale indicates the base-10 logarithm of the
probability that the target is in a particular grid cell.

The target is shown with a black triangle and the mean

of the posterior is indicated with a yellow triangle. The

red curve indicates the one- o error ellipse.
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Figure 2: Posterior after two updates



Page 6 of 8

the first ten measurements, although it will be sampled for
the 13™ and 15™ measurements. This is not very surpris-
ing. Intuitively, the differences between sensors 1 and 2
should always be very small, since they have the same
geometric relation to the target. The only difference be-
tween them is based on the shape of the posterior, which
can become skewed by repeated sampling from the same
sensor.

It appears that the expected covariance metric does
not capture the same subtleties of the tradeoffs between
sampling sensor 1 or sensor 2. Whether this is good, bad,
or insignificant is difficult to say when considering just
one random realization of a run. In the next section, the
performance of the methods, in terms of state estimate
error and computational cost, are explored for a mixture of
randomly positioned bearing sensors and time-delay sen-
sors.

6 General performance results

In this section, the actual localization performance of the
different methods is compared across 275 different runs.
In each run, there are 3 bearings-only sensors with identi-
cal sensing models (as described in Section 5), and three
time-delay-only sensors with identical sensing models;
specifically, the actual errors are Gaussian with mean zero
and standard deviation of one second, and the error mod-
els assume a Gaussian error with mean zero and standard
deviation of two seconds.

The positions of the sensors and the stationary target
across runs were uniformly random in the interval [-25
km, +25 km] for each of the two dimensions, while the
grid extended from -30 km to +30 km in each dimension.
A grid size of N =150 x 150 =22,500 cells was used to
represent the state space. The measurement space for both
time and bearing were divided into M =360 uniform grid
cells.

As a baseline, a random selection method was also

700 ‘
random
600+ — mutual info. i
500! ——approx. mutual info. ||
expected covariance
® 400/, — linear gaussian il
o !
£ 300/
200/}
100f - ]
0 TNeeaas " Y e e e

0 10 20 30 40 50
number of measurements

Figure 6: Comparing median (solid lines) and stan-
dard deviation (dashed lines) of estimate error across
metrics
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considered. This method simply randomly selects a sen-
sor for each update, with each sensor having equal prob-
ability of selection.

6.1  Localization performance

The medians of the localization error over the 275
runs are shown in Figure 6 for the random method and all
four metrics. Also shown (with dashed lines) are the
standard deviations of the mean estimates. The median
results indicate that generally, all four methods perform
similarly and all exceed the performance of the random
method. For the first five updates, the performance of the
random method is much worse than that of each metric, so
it is not shown in this region in order to highlight the
differences on the smaller scale.

As the number of measurements increases, the per-
formance of the random method approaches that of the
other methods. This can be expected for two reasons.
First, as the number of measurements increases, even a
random selection will choose the valuable sensors a large
number of times. Second, as the target estimate improves,
the individual metrics may begin to break down due to
numerical issues. For example, as the covariance of the
posterior decreases, the grid-based model cannot capture it
as accurately, since the number of grid cells with non-
negligible probability decreases.

The standard deviations shown indicate that the
linear Gaussian approximation has a much larger variation
in performance than the other metrics. The median per-
formance indicates that it generally performs very well,
but the standard deviation suggests that it can deviate
substantially. This is due to the possibility of degenerate
behavior in very particular scenarios, such as a highly
non-Gaussian prior distribution.

For example, of the 275 runs considered, for only 7
was the error using the linear Gaussian approximation
method greater than one kilometer at the 30™ update. Of
these, all were less than 3 kilometers except for one par-
ticularly bad scenario that led to an error of around 20
kilometers.

This particular “bad” result is shown in Figure 7.
Specifically, this is the posterior that resulted from select-
ing sensor B4 (bearing only) followed by selecting sensor
T1 (time delay only). The source (S) is located very close
to T1. The mean estimate is shown with the yellow trian-
gle, and the actual target position with the black triangle.
The covariance ellipse for the posterior is also shown.
Note that the covariance ellipse is long in the x-direction
due to the bimodality of the posterior.

The linearization approximation assumes a prior in
the form of an elliptical cloud centered on the mean esti-
mate (the red ellipse and yellow triangle in Figure 7). A
good measurement would cut across this covariance el-
lipse, and thus the linear Gaussian approximation method
anticipates a large reduction in the covariance by querying
sensor T1.
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only an estimate of the covariance matrix. Both the flexi-
bility and low computational cost of the linear Gaussian
approximation method make it attractive, and, as noted
before, its performance is comparable to the other meth-
ods in most cases. Only the possibility of degenerate
scenarios makes the method unattractive, further motivat-
ing the development of efficient methods for detecting
degenerate scenarios.

7 Summary

In this paper, the impact of the ordering of measure-
ment updates for a Bayesian inference problem in terms of
the estimation of the posterior distribution was examined.
To this end, we considered the actual localization per-
formance of four methods for prioritizing the selection of
sensors for data fusion. In general, all four methods
performed similarly in terms of localization error and rates
of convergence, and the all methods significantly outper-
formed a purely random selection method over the first
few measurements.

The approximate expected covariance matrix
method, which was based on a linearization of the meas-
urements around the mean estimate and an update based
on Kalman filtering, had the lowest computational cost
and is the simplest to implement for a variety of filter
types. In general, its performance was as good as the
other methods. However, it was also subject to rare, yet
significant errors in degenerate scenarios involving highly
non-Gaussian prior distributions. These results will begin
to help analysts assess the tradeoffs between the localiza-
tion performance of the methods and their computational
complexity.
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