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ABSTRACT 

One important aspect of the engineering design process is the 
sequence of design decisions, each consisting of a formulation 
phase and a solution phase.  As part of the decision 
formulation, engineers must decide what information to use to 
support the decision.  Since information comes at a cost, a cost-
benefit trade-off must be made.  Previous work has considered 
these trade-offs in cases in which all relevant probability 
distributions were precisely known.  However, engineers 
frequently must estimate these distributions by gathering 
sample data during the information collection phase of the 
decision process.  In this paper, we introduce principles of 
information economics to guide decisions on information 
collection.  We present a method that enables designers to 
bound the value of information in the case of unknown 
distributions by using imprecise probabilities to characterize 
the current state of information.  We illustrate this method with 
an example material strength characterization for a pressure 
vessel design problem, in which we explore the basic 
performance, subtleties, and limitations of the method.   

INTRODUCTION  

Engineering design is a sequential and iterative process, 
consisting of the phases of product planning, clarification of 
task, conceptual design, embodiment design, and detail design 
[1].  Decision-based design research recognizes a sequence of 
decisions in the design process and emphasizes the importance 
of these decisions to the success of the design [2-4].  Each 
decision has two phases—problem formulation and problem 
solution.  Part of the decision formulation phase is a sub-
decision problem regarding how much information to collect—
the subject of this paper.  

By expending resources to create, collect, and analyze 
information, engineers can support decision-making throughout 
the design process.  This information may provide value to the 
designers by leading to a better final design, but this benefit is 
uncertain until resources are spent and the information is 
actually collected.  In this paper, we have incorporated the 
management of this cost-benefit tradeoff into the design 
decision model. We define the principles of such information 
management as information economics [5].   

In related research, Gupta et al. have demonstrated the 
importance of incorporating the cost (in terms of number of 
design alternatives considered) of decision-making into the 
overall design decision model [6], but they do not provide a 
method for estimating the value of information in actual design 
problems.  Radhakrishnan and McAdams consider the cost-
benefit trade-offs in selecting models of various levels of 
abstraction in engineering design [7].  They present a 
framework in which a designer can reason about model 
uncertainty, but they admit that the designer is left with little 
guidance in estimating the actual value of information from 
different models.  Along similar lines, Bradley and Agogino 
develop a decision-analytic approach to assist designers in cost-
benefit analysis of resource expenditures using precisely 
characterized probability distributions to guide and prioritize 
information collection [8], but they do not explain how to 
estimate these distributions.   

In the simulation literature, statistical output analysis is 
commonly performed to assess whether a sufficient number of 
simulation replicates have been performed to obtain statistically 
significant conclusions [9].  However, since the analysis is 
usually performed based on accuracy requirements, one cannot 
easily formulate the trade-off with respect to the simulation 
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cost.  As in any kind of cost-benefit analysis [10], a common 
unit of measure is needed.  This can be achieved here by using 
the economic value of information [11].  Although the 
economic value of information is clearly correlated with 
accuracy, they are not equivalent.  For example, a very accurate 
and expensive model used to distinguish between two 
alternatives that differ significantly in performance has less 
value than a simpler, less expensive model that could have 
made the same distinction at a much lower cost. 

In this paper, we present a method that uses imprecise 
probabilities, as described by Walley [12], to extend the 
applicability of information economics to cases in which 
probability distributions are not perfectly known to designers.  
By using imprecise probabilities, this approach gives the 
designer a method by which information economics can be 
applied to the management of statistical data collection in 
support of engineering design decisions.  We present this 
approach in the context of a pressure vessel design and material 
strength characterization example, including a computational 
experiment to illustrate how this approach performs under 
various conditions.  Our primary contribution is the 
development of a method for bounding the value of information 
using imprecise probabilities when true probability densities are 
unknown.  This contribution potentially can have significant 
impact on engineering design by opening more problem classes 
to formal cost-benefit analysis during the problem formulation 
phase and information collection tasks of design decisions.  

INFORMATION ECONOMICS 

In this section, we introduce the basics of information 
economics.  Economics is the study of choice under conditions 
of scarcity [13].  Extending this definition, information 
economics is the study of choice in information collection and 
management when resources to expend on information are 
scarce.  Because designers face a scarcity of resources, such as 
time and money, in the design process, the principles of 
information economics should be applied to the information 
collection process in engineering design. 

The area of information economics grew out of statistical 
decision theory in the 1950s when Marschak published a series 
of papers on the economics of information and organization [5].  
Recently, with the explosion of new information technologies, 
information economics has regained attention within the 
broader context of information management.  Current areas of 
research focus on corporate finance and industry policy, such as 
intellectual property rights, industry regulation, and fostering 
innovation [14, 15], or on the infusion of information 
technology into a corporation [16].  Within engineering, the 
focus of information management has been primarily on data 
exchange, interoperability, and visualization to support 
collaborative design (for an overview of these areas, refer to the 
following review articles [17-21]).  In a more general sense, 
information economics presents principles by which the cost-
benefit tradeoffs of information collection can be managed in 
engineering design.  Many of these concepts have been 

developed and employed previously in standard micro-
economics and the theory of the economic value of 
information, pioneered by Marschak [5] and summarized by 
Lawrence [11]. 

Our goal here is to relate these concepts directly to the 
management of information and uncertainty in engineering 
design.  A substantial difference between our area of 
application and that of Marschak and Lawrence is the 
availability of perfectly known probability distributions—
knowledge that Marschak and Lawrence assume but engineers 
often lack.  Specifically, we explore the decision of whether to 
continue to collect random data samples in the context of 
estimating the material strength for a pressure vessel design, as 
described in the next section.  Since the distribution of the 
material strength is not known a priori, a direct application of 
existing methods is impossible. 

EXAMPLE PROBLEM 

Throughout the remainder of this paper, we discuss the 
application of information economics in the context of a 
pressure vessel design example.  This example has been used 
previously to demonstrate the value of explicitly representing 
the imprecision in the available characterization of uncertainties 
for the design decision by using imprecise probabilities [22].  
We now extend this experiment to explore the decision of how 
much information to collect in order to support design 
decisions. 

In the example problem, we design a pressure vessel to meet 
certain requirements while maximizing payoff.  The 
complication is that the pressure vessel is to be built using a 
material whose yield strength is unknown.  The designers 
believe that the yield strength is well modeled as a normally 
distributed random variable, but they do not know the 
parameters of the normal distribution.  They can perform yield 
strength tests, thus sampling the distribution at a cost c per test.   

In our experiment, each yield strength test represents one 
sample of the true material strength distribution.  The samples 
are drawn from a random normal distribution whose parameters 
are unknown.   Specifically, the material strength is a random 
variable X such that:  

2~ ( , )X N µ σ . 

The mean µ  and variance 2σ  are unknown, and the goal of 
the information collection is to determine these parameters such 
that a good design decision can be made.  The experiment 
consists of drawing a set of n samples =1{ }n

i ix  from X .  Each 
sample ix  that is drawn from the distribution is a piece of 
information.  This piece of information can be used to help 
characterize the true nature of the uncertainty.  The more 
samples drawn, the more information a designer has about the 
truth.  However, every sample drawn costs the designer 
resources, for example time and money.  Unless the designer 
has infinite resources, he or she cannot collect the infinite 
number of samples necessary for a perfect characterization of 
the distribution.  Thus, the designer needs to determine when to 
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stop collecting information—in this case, data samples.  For 
this, we turn to a cost-benefit analysis. 

COST-BENEFIT ANALYSIS 

As a designer collects data samples ix , the marginal benefit of 
an additional sample decreases.  For example, if the designer 
has only 10 samples, an 11th sample will usually be quite 
valuable; in contrast, if the designer has 1000 samples, the 
1001th sample will be considerably less valuable.  In this sense, 
information displays diminishing returns.  At some point, the 
cost of gathering additional information will outweigh the 
benefit.  Thus, the value of a sample is not merely inherent in 
the sample; rather, the value is measured as viewed from the 
perspective of the designer.  A fundamental principle of 
information economics is that a decision maker (DM) should 
continue to collect information only as long as there is an 
information source available whose net value is positive.  
Putting things into more standard micro-economic terms, a 
rational designer will stop taking data samples at the point 
where the marginal benefit of the next sample is less than or 
equal to the marginal cost of acquiring it.   

A formalization of the basic cost-benefit analysis noted above 
has been summarized in the context of information by 
Lawrence [11].  In his work, the measure by which information 
can be managed is value.  We primarily adopt Lawrence’s 
definitions, but there are some fundamental differences 
between our approaches, stemming from differing assumptions 
of initial information.  Lawrence assumes that the DM has 
perfect knowledge of the probability distributions that describe 
uncertain events.  In our engineering design example, the 
estimation of these distributions is the indirect goal of 
information collection, with the direct goal being a good design 
decision.  Since perfect knowledge about the distribution is not 
available, we develop a method for estimating the value of 
information using imprecise probabilities. 

MATHEMATICAL PROBLEM FORMULATION 

The value of information is measured by how the information 
changes the design decision.  In this section, we illustrate a 
framework for determining this value.  We start by examining 
how new information changes the DM’s probability estimates 
over the state space.  Next, we review the payoff of a decision 
(a metric for measuring the value of a decision), and show how 
payoff is used to arrive at an optimal decision under 
uncertainty.  Then, we provide general definitions of 
information and information sources.  Finally, we unite these 
concepts in the value of information framework and illustrate 
its application with an example problem. 

Specifying probabilities over the state space 
For every decision problem, a DM has a set of available actions 
A={ }a  from which to chose one action.  All possible states of 
the world form a state space X={ }x .  In our example problem, 
the action a  consists of a set of design variables that specify 
the pressure vessel dimensions, and the state of the world is the 

actual material strength x  of the material used in a particular 
pressure vessel.  The material strength, or state, is assumed to 
be normally distributed with associated probability density 
function ( )p x , which is unknown to the designer.  The state of 
the world is outside the DM’s control, so the DM can at best 
estimate the probabilities of the different individual states, thus 
forming the estimated distribution ( )p x . 

From among the many possible interpretations of probability 
[12, 23-26] , we interpret the DM’s estimate ( )p x  according to 
a subjective interpretation of probability.   Under a subjective 
interpretation, probabilities are an expression of belief based on 
an individual’s willingness to bet [23, 25, 27].  While there may 
be random variables that assume outcomes according to true 
relative frequencies, we avoid a frequentist interpretation, under 
which a probability represents the ratio of times that one 
outcome occurs compared to the total number of outcomes in a 
series of identical, repeatable, and possibly random trials.  We 
choose the subjective interpretation because the true relative 
frequencies cannot be determined with any finite number of 
data samples, and because a subjective interpretation is 
applicable to a broader class of problems, as it is not limited to 
repeatable events.  Naturally, subjective probabilities should be 
consistent with available information, including knowledge 
about observed relative frequencies and the DM’s actual 
beliefs; such probabilities can be considered rationalist 
subjective probabilities [12].   

The payoff of a decision 
The outcome of a decision problem can be represented by a 
payoff function, ( , )x aπ , that depends on both the chosen action 
a  and the realized state of the world x .  The payoff function 
used in our example problem is shown in Figure 1.  Note that 
for a given yield strength and design, the failure cost will either 
be zero (no failure) or a constant (the cost of the damage, lost 
productivity, etc. when the pressure vessel fails). 

Making an optimal decision 
Because of uncertainty in the state of the world x , the DM 
cannot know the payoff of any action with certainty.  We 
assume that the DM seeks to maximize the expected payoff, 
given by [ ( , )]xE a xπ . 

The expectation is taken over all states x because that is what 
the DM is modeling as random.  Note that the expectation is 
taken with respect to the true distribution ( )p x .  In our 
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example (and in most real world design scenarios), the DM 
does not know the true distribution ( )p x , and must use his or 
her subjective distribution ( )p x .  The DM thus chooses optimal 
a  such that 

*
( ) ( [ ( , )])argmax p x

a
a E a xπ= . 

We deviate slightly from standard notation and write ( )p xE  to 
emphasize that the DM maximizes the expectation, as 
calculated using his or her subjective probability density 
function ( )p x .   

It is important to distinguish two expected payoffs.  The true 
expected payoff of a design is calculated using the true ( )p x  
that is unknown to the designer.  We write the true expected 
payoff as: 

*[ ( , )]true xE a xπ π= . 

The estimated expected payoff according to the designer’s 
subjective distribution is 

( )
* *

( )[ ( , )]p x p xE a xππ = . 

This payoff ( )
*
p xπ  will in general differ from the true payoff 

trueπ  because the designer’s estimated distribution ( )p x  
usually will not match the true distribution ( )p x .  Lawrence 
does not make this distinction in his work, but the distinction is 
crucial in cases in which the designer has only imprecise 
information about the random distribution.   

Information and information sources 
The definition of information varies significantly by subject 
and application.  In this paper, we modify Lawrence’s 
definition [11] and define information as any stimulus that 
changes the recipient’s subjective probability distribution ( )p x  
over a well-described set of states. 

An information source is anything that provides information.  
This information arrives in the form of a message y.  In our 
example, the information source is the yield strength testing 
process, and a message is the result of a single yield strength 
test—that is, one observation of material strength. Information 
economics studies whether it is valuable to pay an information 
source for a message.  Before the message is received, a DM 
does not know what information that message contains, and 
therefore the DM does not know exactly how it will change the 
subjective probability distribution ( )p x  over the state space.  In 
turn, the DM does not know how it will affect the decision *a  
and its payoff.  Thus, a DM should apply the principles of 
information economics to arrive at a formal metric for 
determining if the benefit of a message outweighs the cost of 
acquiring it—the value of information.   

The value of information 
We begin by considering two possible decisions: the first 
decision is made using the current state of information, and the 
other is made after the receipt of message y.  In the first case, 
assume the DM’s subjective probability distribution of the 

states is represented as ( )p x .  These are the prior probabilities, 
and decision *

0a  is the optimal prior decision, given by 

(1)              *
0 ( ) ( [ ( , )])argmax p x

a
a E a xπ= . 

After the message y is received, the DM has an updated 
posterior probability distribution ( | )p x y .  The corresponding 
optimal decision *

ya  is given by 

(2)                    *
( | ) ( [ ( , )])argmaxy p x y

a
a E a xπ= . 

How can we compare these two decisions?  If we wait until the 
true state of the world x is revealed, we can calculate the ex-
post value of the message y for the particular realized state x as: 

* *
0(y|x) ( , ) ( , )ya x a xυ π π= − . 

This represents the amount that the receipt of message y  (and 
the incorporation of its information into the decision) changed 
the decision maker’s payoff, given the particular outcome x  of 
the state. 

The term value is used throughout this paper in a marginal 
sense, that is, in terms of differences.  The ex-post value of a 
message y  is the marginal payoff of acquiring that message—
the difference between the payoff of the decision with and 
without the information from message y .  This value can be 
positive, negative, or zero.  It will be positive if the message 
leads the DM to chose action *

ya  that has a higher payoff under 
realized state x than action *

0a .  It will be negative if the 
message in someway misled the DM into choosing an action 

*
ya  that has a lower payoff than the prior decision *

0a .  If the 
message did not change the choice of action, such that *

ya  is 
the same as *

0a , then the value is zero. 

The previously defined ex-post value is not useful for 
determining the potential change in payoff of receiving a 
message because it measures the actual benefit, which can only 
be known after the decision is made and the truth realized.  It is 
common knowledge that a good decision can lead to a bad 
outcome, especially if a very rare, adverse state of the world is 
realized—a situation referred to in the vernacular as bad luck.  
Conversely, a bad decision can lead to a good outcome—a case 
of good luck.   

Rather than assessing the value of a message for a particular 
state x , a DM is really interested in the expected value over all 
the possible states of the world. The gross value—where gross 
implies before factoring in cost—of the message y is defined as 
the expected difference in the payoff with and without the 
message, such that: 

(3)            * *
0( ) gross value(y) [ ( , ) ( , )]x yy E a x a xυ π π= = − . 

Calculating the true gross value of a message requires the 
expectation over the true distribution ( )p x , which the 
decision-maker does not have.  Even this is not the whole story 
or the complete challenge.  Equation (3) is valid for analysis of 
the value of a particular message y  only after it is received. 
However, when the DM needs to decide whether or not to 
purchase a message, the content of the message—that is the 



 5 Copyright © 2005 by ASME 

particular message y  from the set Y  of all possible 
messages—is also unknown.  When purchasing a message, it is 
as if the DM is purchasing a sealed envelope; he or she does not 
know what is inside until he or she buys and opens the 
envelope.  The DM must therefore consider the value of a 
particular information source I  that can provide messages from 
the set Y , instead of a single message.   

If the DM had access to the true probability of the messages 
over the set Y , he or she could calculate the gross value of an 
information source I : 

(4)             * *
0gross value( ) [ ( , ) ( , )]y x yE E a x a xπ π= −I . 

Because the DM does not have access to the true probability 
distribution of the messages ( )p y  or of the states ( )p x , 
Equation (3) cannot be used directly to estimate the value of an 
information source.  In this paper, we develop a method for 
bounding the value of information that incorporates the 
imprecision of the DM’s information state. 

One final definition that ties our notion of value back to the 
fundamental concept of cost-benefit analysis in information 
economics is net value.  In our example, a message y must be 
purchased at some cost; resources need to be expended in order 
to acquire more information.  Denoting this as cost( )y , the net 
value of a message is defined as 

* *
0net value(y) [ ( , ) ( , )] cost( )x yE a x a x yπ π= − − . 

Similarly the net value of an information source is: 

(5)       * *
0net value( ) [ ( , ) ( , )] cost( )y x yE E a x a xπ π= − −I I , 

where cost( )I  is the cost of receiving one message y  from 
information source I .   

If we revisit a designer’s goal of making a reasonable cost-
benefit tradeoff during information collection, we can now state 
the information economic principle that a designer should 
purchase a message from an information source if the net value 
of that information is positive.  According to Equation (5), this 
requires the calculation of expectations across the distributions 

( )p x  and ( )p y , which in general are not known to a designer.  
We will return to this problem after illustrating the simpler case 
of known probabilities. 

Example with known probabilities 
In this section, we present an example to illustrate the 
calculation of value of information in the case of known 
probabilities.  We later extend this example to the case of 
unknown probabilities.  While the information used in this 
example is not available to a DM, it is useful for illustration of 
the basic method, shown in Figure 2.  

We assume that there is an omniscient supervisor overseeing 
the experiment.  This supervisor knows the true distributions 
and can perform the actions shown in the gray boxes.  These 
actions are normally not available to the DM.  In this method, 
the DM begins with the observed set of samples 1{ }n

i ix =Σ = .  
The DM first uses this set of samples to construct a best-fit 

distribution ( )p x , and then to choose an optimal design *
0a , as 

shown on the left side of the figure.  The DM then receives a 
hypothetical additional sample jy  from the supervisor.  The 
DM constructs a new best fit distribution ( )| jp x y  and makes 
a new decision *

jya .  The difference in expected payoffs of the 
two decisions is then calculated by the supervisor to determine 
the true expected gross value ( )jyυ  of the particular message 

jy .  This process of calculating the value of an additional 
sample is repeated over many jy  to calculate the average value 
of the next sample for a particular starting set of samples, 
which we will denote as ( 1| )V n+ Σ . 

Recall that the net value of the next piece of information 
depends on the prior decision *

0a , which in turn is dependent on 
the existing data samples.  For example, the net value of the 
purchasing an 11th sample from the information source will 
depend on the first 10 samples.  If the initial 10 samples just 
happen—by chance—to yield very good estimates of the 
distribution parameters, then the net value of the 11th sample 
will be small, but if they yield bad estimates of the distribution 
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parameters, then the net value of the 11th sample could be large.  
Consequently, the next step is to repeat the experiment over 
many initial sample sets Σ, which gives the average gross value 
of the next sample, denoted ( 1)V n + . 

The final step is to repeat the process for different initial 
samples set sizes.  By repeating the calculation over many 
initial sample sizes, we can construct a curve of the average net 
value of an additional sample at different sample sizes, as 
shown in Figure 3.  This figure can be interpreted with the 
following example.  At a prior sample size n =32, the average 
net value of an additional sample (the 33rd sample in this case), 
is about $2.  The net value of the 52nd sample, starting from 51 
samples, is negative, but the net value of the 51st sample is 
positive.  This means that the 52nd sample is the first sample 
whose average net value is negative.  This graph suggests that 
stopping at 51 samples is on average the optimal.  Note that this 
conclusion is drawn using the true ( )p y  and ( )p x , which are 
not available to the DM. 

The results can also be interpreted by considering the net 
expected payoff, the payoff of design that would have been 
realized if no additional information were collected, less the 
cost of the already collected n  samples: 

(6) *
( ) 0net expected payoff [ ( , )] *cost( )p xE a x n yπ= −  

The results are shown for different sample sizes in Figure 4.  
Again, because the actual observed samples affect the payoff, 
the payoff of the design is averaged over many initial sample 
sets.  The relationship between this result and the net value of 
additional samples should be clear.  The maximum net 
expected payoff occurs at the same sample size that the net 
value of an additional sample first becomes negative.  Recalling 
that the net value is defined in a marginal sense, moving from 
51 samples to 52 samples means a decrease in total payoff of 
the decision, as revealed in both plots.   

In the preceding analysis, it appears simple to determine the 
optimal number of samples to collect.  However, this simplicity 
is due to the assumption that the DM has precise knowledge of 
the true distributions ( )p y  and ( )p x .  In our example 

problem, these two distributions are unknown and identical—
they both describe the unknown true material strength.  The 
characterization of ( )p x  is the DM’s indirect goal for data 
collection—the DM wants to characterize ( )p x  well enough 
that the design based on the estimated ( )p x  is acceptable.   

In order to evaluate the value of information during the actual 
design process, the DM needs a method by which he or she can 
estimate the net value of additional data samples when ( )p y  
and ( )p x  are unknown.  We propose a method that uses 
imprecise probabilities to calculate an interval of net value for 
an additional sample. 

What performance characteristics should we expect or demand 
of this method?  Insight can be gained by examining the 
distribution of the net payoffs about the expected value curve of 
Figure 4.  Box plots for sample sizes of 50, 100, and 150 are 
shown in Figure 5.  The plots are constructed with the whiskers 
at the 5% and 95% quantiles, and the boxes from 25% to 75%.  
The box plots clearly reveal that both the variance and the 
chance of a very bad result decrease as the sample size 
increases, though at a penalty in expected net value as shown in 
Figure 4.  The behavior shown in Figure 5 suggests that a 
reasonable estimation of the optimal number of samples will 
often be well beyond 51 samples, because by stopping at 51, a 
DM faces a very large downside risk, due to the long tail of the 
distribution.  Consideration of this distribution and tradeoff is 
important when constructing a method for determining the 
value of additional samples because, in practice, an engineer 
will not have the information in Figure 4 or Figure 5 available 
for decision-making.  We return to this problem after 
introducing the concept of imprecise probabilities. 

IMPRECISE PROBABILITIES 

Imprecise probabilities have been formalized by Walley [12], 
and the value of using imprecise probabilities in certain 
engineering design decisions has been demonstrated previously 
[22].  We extend this work to estimate the value of information 
through the application of information economics and 
imprecise probabilities.   
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In the context of this paper, one can think of imprecise 
probabilities as intervals of probabilities.  As noted previously, 
under a subjective interpretation, a probability represents an 
individual’s willingness to enter a bet.  Every bet has a price 
associated with it, and one can either buy or sell a bet at that 
price.  The use of precise probabilities presumes that a DM can 
determine exactly the price at which he or she is indifferent 
between buying and selling the bet, the DM’s so-called fair 
price [28].  The use of imprecise probabilities allows for a 
range of prices at which a DM would neither buy nor sell the 
bet, because he or she is not sure how betting at these prices 
will affect his or her expected payoff. 

Imprecise probabilities can in theory be reduced to precise 
probabilities by collecting infinite evidence and expending 
infinite effort to elicit the DM’s beliefs.  In this example 
problem, we are explicitly assuming a finite amount of 
evidence (in the form of data samples), so precise probabilities 
are unattainable. We therefore use imprecise probabilities to 
capture the DM’s current state of information, which in our 
example corresponds to his or her probability assessments. 

We use a probability-box [29], or p-box, to represent imprecise 
cumulative probability distributions.  A p-box incorporates both 
imprecision and probabilistic characterizations by expressing 
interval bounds on the cumulative probability distribution 
function (CDF) for a random variable.  More formally, the 
bounds on a p-box, such as shown in Figure 6(a), are given by 
two CDFs ( 1F  and 2F ) that enclose a set of CDFs that are 
consistent with the current state of information and the DM’s 
beliefs.  The p-box shown in Figure 6(a) is for a random 
variable Z with known variance 2 1σ =  and mean bounded by 
the interval µ=[0,1] . Thus extending the notation of 
probability, we can write ~  ([0,1] ,1)Z N . 

The true CDF is unknown, and any of the infinite number of 
normal CDFs with 2 1σ =  inside the p-box could be the true 
one, such as those shown in Figure 6(b). 

While there are several ways to construct p-boxes [30, 31], we 
choose a practical method based on traditional confidence 
intervals on the mean and variance, as described by Equation 
(A2) and Equation (A4) respectively in the Appendix.  By 
choosing a particular confidence level for the mean and 
variance intervals, a DM is essentially stating that he or she is 
comfortable assuming that the true distribution lies entirely in 
the resultant p-box.  This assumption is similar to accepting the 
p-box as a model of the truth.  This distinction becomes 
important in our method for estimating the value of 
information, as explained in the following section. 

ESTIMATING THE VALUE OF INFORMATION  

In this section, we explain the method that we have created to 
bound the gross value of the next information message.  We 
start by describing how design decisions are made.  We then 
motivate the use of imprecise probabilities, describe our 
methods of estimating the value of information, and present a 
computational experiment that illustrates the results of our 
method.  

Design decision policy 
The DM optimizes the expected payoff of a design using his or 
her estimate ( )p x  of the true distribution ( )p x .  This best 
guess is derived by assuming that the material strength is 
normally distributed and using the sample mean and variance of 
the observed samples as estimates of the true mean and 
variance.  In previous work, we presented a decision policy that 
uses imprecise probabilities [22].   In this paper, we chose a 
decision policy based on precise probabilities in order to isolate 
the effect of using imprecise probabilities for estimating the 
value of information.   

Motivation for imprecise probabilities 
One motivation for using imprecise probabilities is that the use 
of precise probabilities does not enable useful estimates of 
value. The necessity of an alternative to precise probabilities is 
illustrated in the following example.  Assume that the DM 
represents his or her state of information ( )p x  precisely.  
Using this information, the DM chooses an optimal design *

0a  
according to Equation (1), using ( )p x  when evaluating the 
expectation. 
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Now assume that the DM acquired an additional data sample 
y .  With this information, the DM can create a new subjective 

distribution ( )|p x y , where in general ( ) ( )|p x y p x≠ .  The 
DM would then choose an optimal design *

ya  according to 
Equation (2), using ( )|p x y  when evaluating the expectation. 

If the DM wanted to calculate the gross value of this message 
y , he or she would use Equation (3), repeated here for 

convenience: 

(7)         * *
0( ) gross value( ) [ ( , ) ( , )]x yy y E a x a xυ π π= = − . 

Ideally the expectation xE  would be taken over the true ( )p x , 
but this distribution is unknown.  The DM’s two best options 
for approximating ( )p x  are ( )p x  and ( )|p x y .   

If the DM uses ( )p x  as the best estimate of ( )p x , we can 
adopt our notation from earlier and rewrite Equation (7) as: 

(8)           * *
( ) 0( ) [ ( , ) ( , )]p x yy E a x a xυ π π= − . 

This can be rewritten by distributing the expectation as:  
* *

( ) ( ) 0( ) [ ( , )] [ ( , )]p x y p xy E a x E a xυ π π= − . 

According to Equation (1), the design decision *
0a  maximizes 

( )[ ( , )]p xE a xπ , thus 

(9)      * *
( ) ( ) 0[ ( , )] [ ( , )]p x y p xE a x E a xπ π≤ . 

This means that the gross value of message y is always 
estimated to be zero or negative, no matter how much 
information is available.  Yet intuitively, the gross value of 
additional information should often be positive—acquiring 
information should improve the DM’s ability to make a good 
decision on average.   

If the DM instead used the posterior distribution ( )|p x y , we 
can rewrite Equation (7) as: 

* *
( | ) 0( ) [ ( , ) ( , )]p x y yy E a x a xυ π π= − . 

Expanding the expectation we find 
* *

( | ) ( | ) 0( ) [ ( , )] [ ( , )]p x y y p x yy E a x E a xυ π π= − . 

According to design Equation (2), design decision *
ya  

maximizes ( | )[ ( , )]p x yE a xπ , thus we find: 
* *

( | ) ( | ) 0[ ( , )] [ ( , )]p x y y p x yE a x E a xπ π≥ . 

In this case, the gross value is always calculated to be positive, 
which is also unreasonable; there will always be “unlucky” 
samples, or messages, that lead to a worse design.  Another 
objection to using the precise ( )|p x y  is that it has no use in 
decision making, because ( )|p x y  is only available after the 
information message y  is collected. 

This exercise illustrates that an information collection policy 
based upon an assumption of precisely characterized 
distributions is not useful.  The principles of information 
economics cannot be applied meaningfully while using precise 
probabilities, but they can be implemented using a method 

based on imprecise probabilities that provides useful bounds on 
the value of information, as described in the next section.   

Methodology for bounding the value of information 
An overview of our method is shown in Figure 7.  The DM 
begins with the actually observed set of data samples 

1{ }n
i ix =Σ = .  The DM first uses this sample to construct a best-

fit normal distribution and choose an optimal design *
0a , the 
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Figure 7: Overview of method using imprecise probabilities 
to bound the value of information  
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left side of the figure.  The DM then uses the observed samples 
to construct a p-box by the principles mentioned previously 
(confidence intervals on the mean and variance of the normal 
distribution).   

Recall that by assumption, this model of information—the p-
box—contains the CDF of the true distribution ( )p x .  The DM 
discretizes the p-box, as described below, and selects one 
normal distribution from the p-box to represent both ( )ip x  and 

( )ip y .  In our example problem, these two distributions are 
identical since they both describe the unknown true material 
strength.  This selected distribution is used to estimate the gross 
value of collecting an additional piece of information.  If the 
DM repeated this for every normal distribution inside the p-
box, one of the calculated values will be the true gross value of 
the next piece of information.  Clearly the DM cannot try every 
distribution, so we propose the following procedure.  

The DM can partition the p-box into a finite, representative set 
of distributions.  This is done by discretizing the confidence 
intervals on the mean and variance  The DM selects a finite set 
of distributions from the infinitely many possible distributions 
by pairing all the means and variance combinations, resulting in 
a set of distributions such as shown in Figure 8.  Future work 
will explore more efficient methods for this partitioning, such 
as concepts from design of experiments, direct manipulation of 
the p-boxes, or random sampling across the confidence 
intervals, but this method suffices for illustration of the 
concept.  

The DM proceeds by selecting one distribution, say ( )ip x , 
from this finite set and assuming that this distribution is the true 
distribution ( ( ) ( )ip x p x= ).  The DM then calculate the gross 
value of taking the ( 1)thn +  sample, denoted ( 1)iV n + , via a 
Monte Carlo simulation, as follows.   

Given the assumed message distribution ( )ip y , the DM can 
draw hypothetical next samples jy  from this distribution.  
Each of these samples is used, along with the actually observed 
samples i =1{ }n

ix , to estimate a new posterior distribution 
( | )i jp x y .  The DM uses this distribution to choose optimal 

design *
jya , for the given distribution and hypothetical sample.  

The DM then evaluates the expected payoff of this design using 
the assumed ( )ip x , and calculates the gross value ( )i jyυ  of 
that particular jy .   The DM repeats this for many different 

'sjy  drawn from ( ) ( )i ip y p x=  and calculates the average, or 
expected, gross value of the next message ( 1)iV n +  with 
distribution ( )ip x  assumed to be the true distribution.  Finally, 
the DM repeats this process for all ( )ip x  in the chosen set 
(from the p-box).  This results in a set of gross values 
{ ( 1)}iV n + . 

Recall that if the p-box had been infinitely sampled, then one of 
the values ( 1)iV n +  in this set would be the true gross value of 
the ( 1)thn +  sample, given the previously observed n  samples.  
The set { ( 1)}iV n +  would then form an interval 

( 1) [ ( 1), ( 1)]V n V n V n+ = + + .  In our method, the p-box is only 
finitely sampled, so the set of values { ( 1)}iV n +  only gives an 
approximate interval, ( 1) [ ( 1), ( 1)]V n V n V n+ = + + , with the 

lower and upper-bounds defined as ( 1) min ({ ( 1)})i iV n V n+ = +  
and ( 1) max ({ ( 1)})i iV n V n+ = + .  Clearly the accuracy of this 
estimated interval improves as the density of sampling from the 
p-box increases. 

COMPUTATIONAL EXPERIMENT 

We will now apply the principles of information economics to 
the design of the pressure vessel as explained in the example 
problem section.  The experiment proceeds according to the 
method shown in Figure 7.  The method is repeated for many 
sample sizes n .   This generates intervals on the gross value for 
one particular sample trace, that is, one particular sequence of 
random samples { }ix .  This experiment is then repeated many 
times to generate multiple sample traces. 

RESULTS 

Using the method and experiment described above, we can 
bound the gross value of the next piece of information.  A 
graph of these bounds for a particular sequences of samples—a 
particular sample trace—is shown in Figure 9.  A trace 
represents the bounds on gross value of the thn sample, given a 
particular set of 1n −  previously observed samples 1

1{ }n
i ix −

= .   
Figure 10 shows the upper-bound, lower-bound, and midpoint 
for two additional traces in the vicinity of their crossing of the 
cost line—the zero net value point.  The curves in the two 
figures reveal several interesting characteristics, as discussed in 
the following sections. 

Small sample sizes yield large value intervals 
Figure 9 shows that the potential value for very small sample 
sizes covers a very large range, from largely negative to largely 
positive and skewed towards the positive side.  The bounds on 
the gross value of the thn  sample are the lower-bound and 
upper-bound at that point.  For example, the gross value of the 
16th sample is in the interval [-10, 940] for the trace shown in 
Figure 9.  We will discuss decision policies for resolving this 
interval in the discussion section, but for now assume one 
extreme—the DM stops collecting data when the upper-bound 
on the gross value is less than the cost—that is, when the upper-
bound on the net value is negative.  This is a so-called Γ-
maximax policy [30].   At the accepted confidence level, the 
true value is assumed to lie in the interval, so this represents the 
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point at which the true net value cannot exceed zero (since the 
upper-bound is negative), and no rational DM would take an 
additional sample. 

The bounds on value are not monotonic 
In a general sense, it is reasonable to expect that the value of 
additional samples would decrease as n increases.  However, 
each trace represents one sequence of actually observed 
samples.  Thus, the gross value of the thi  sample is estimated 
based on the first 1i −  samples.  Once the thi  sample is 
collected, the value of the ( 1)thi +  sample is calculated using all 
i  acquired samples.  If the actually acquired thi  sample is 
really “lucky” or “unlucky”, the gross value of the next sample 
can change significantly, potentially yielding non-monotonic 
bounds.  An example of such non-monotonicity is labeled in 
Figure 10.  Non-monotonicity can result in multiple cost line 
crossings, but these crossings were never observed to be more 
than a few sample sizes apart.  Because the bounds are already 
estimates, a deviation of a few samples is not significant. 

The lower-bound is always non-positive 
It is worth noting that the lower-bound on the interval will 
always be non-positive (i.e. given the available information, it 
is always possible that the gross value of the next piece of 
information will be less than or equal to zero).  This happens 
because the best fit distribution ( )p x  on which we base our 
design decision is always contained in our set of distribution 
samples from the p-box—it is a candidate for the truth in our 
method.  This means that during the calculation of the interval 
on gross value, this distribution will be considered as the truth 
at some point, yielding the situation described in Equation (8)
—if the DM’s estimate already is the true distribution, which is 
possible though rare, then no information can make the 
estimate any better.  It will in fact make the DM worse off. 

Examining the net value 
The next point to note is the relationship between the gross 
value and cost.  In practice, there is a relationship between the 
number of pressure vessels being designed and the cost, 
because the cost of information collection is amortized over all 
the pressure vessels.  In this example, we are assuming that 
each yield strength test on a material sample costs $0.50 per 

pressure vessel, and we proceed to discuss the design of one 
pressure vessel.  Other cost functions could be used without 
adding significant complexity.  With the cost fixed at $0.50, an 
experiment following Trace A and using the upper-bound 
decision rule will stop with the 147th  sample, because the 
upper-bound on the gross value of the 148th  sample is less than 
the cost.  By Equation (5), this implies a negative net value.   

The same logic can be applied to Trace B.  In this case, a DM 
would collect 162 samples.  At this point, the upper-bound on 
the gross value of the 163rd sample is less than the cost, so the 
net value is negative.   

In this section we have presented two representative results.  
Our overall results consist of many sample traces that can be 
analyzed in the same way as the examples above.  In the next 
section, we discuss more general aspects of our method and 
results. 

DISCUSSION 

With basic results presented in the previous section, we now 
move to more general discussion.  We examine the realized 
payoffs based on the described method and discuss alternative 
decision policies for resolving ambiguity.   

Comparison of realized payoffs 
Using the true material strength distribution ( )p x —which is 
not known by the designers—an omniscient supervisor can 
evaluate the actual expected payoff of the designs that would be 
created using the samples in the traces.  The results for Trace A 
from Figure 10 are shown in Figure 11.  Each point represents 
the true expected net payoff (y-axis) of a design chosen based 
on the current number of samples (x-axis) and found using 
Equation (6).  Because a DM would never create all of these 
designs and does not have access to ( )p x , this is a hypothetical 
exercise that only the omniscient supervisor can perform using 
the true distribution ( )p x . 
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Figure 9: Example high-level behavior of gross value 
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The results in Figure 11 indicate that, given the actual observed 
sequence of samples, the DM would have been best-off 
stopping earlier (at 5 samples) than our method shows (at 147 
samples).  In this example, the DM loses about 60% of the 
payoff by collecting the additional 142 samples.  Is this a result 
of the stopping policy?  One alternative policy would be to use 
the midpoint of the bounds.  Using this stopping rule, we find 
from Figure 10 that we would collect 114 samples.  This still 
results in a loss of 50% payoff from the optimal.  Is such a loss 
in payoff justified? 

In the discussion surrounding the distribution of payoffs and 
Figure 5, we conclude the DM may wish to go beyond the 
average “optimal” stopping point due to the large downside risk 
of stopping too soon.  The actual expected net payoffs for trace 
B from Figure 10 are shown in Figure 12.  In this example 
trace, it turns out that given the actually observed samples, it 
would have been much worse to stop after 80 samples as 
compared to 100.  According to Figure 10, the mid-point 
stopping rule would be at 124 samples for this trace.  While this 
is still about 50% below the optimal, it yields a significantly 
better result than a policy that would have stopped at 80 
samples.  Before discussing stopping policies in more detail in 
the next subsection, we present one last trace in Figure 13. 

For the trace shown in Figure 13, the optimal stopping point 
would have been at 110 samples.  In this case, the mid-point 
stopping rule solution of 130 samples is relatively close, though 
still resulting in some payoff loss .  What causes the optimal 
stopping point to be so high in this case?  One contributing 
factor is that the first five actual samples were 192 MPa, 200 
MPa, 194 MPa, 197 MPa, and 181 MPa.  These are all above 
the true mean of 180 MPa.  This initial “unlucky” bias leads to 
a severe over-estimate of the material strength, which in turn 
leads to a severe under-design of the pressure vessel.  
Consequently, the pressure vessel fails much more often than 
expected, leading to a significantly higher average failure cost.  
This example indicates how sensitive the design can be to 
sample data, and why a large number of samples may be 
needed to reach a stable result. 

Before reaching a conclusion on the effectiveness of this 
method of bounding the value of information, we must 
emphasize that an actual designer would not have the actual 
expected payoff curves available.  Therefore, a designer does 
not know if he or she is in an example similar to that of Figure 
11, Figure 12, Figure 13, or something else altogether.  A 
conservative policy therefore leads the designer to keep taking 
samples until it is reasonably assured that there is no chance of 
a large negative payoff; that is, samples are taken until the 
downside risk is acceptable. 

 FUTURE WORK 

This paper lays a strong foundation for applying information 
economics to engineering design decisions involving unknown 
probability distributions, but there is still significant room for 
improvement and additional exploration. 

Decision policies for gathering information 
In this paper, we have presented a method for bounding the 
value of additional data samples.  These bounds need to be 
resolved according to some policy in order to make a decision.  
Given just the bounds, any policy that selects a point between 
the bounds is rational, because the true value is only known to 
be somewhere between them.  However, given meta-data about 
the design problem and information at hand, one policy may 
actually perform better on average than another. 

We have so far discussed two policies—an upper-bound Γ-
maximax policy and a midpoint policy.  Using the Γ-maximax 
policy, a DM compares the upper-bound on gross value to cost, 
thus deciding to stop collecting data when the upper-bound on 
the net value becomes negative.  Because the DM stops 
collecting information only when he or she is absolutely sure 
that the value of the next piece of information is less than its 
cost, this extreme decision policy will often be overly 
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Figure 11: Actual expected net payoffs for Trace A 
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Figure 12: Actual expected net  payoffs  for Trace B 
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Figure 13: Actual expected net payoffs, additional trace 
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conservative. Since it is rare that the true gross value will be the 
upper-bound, the DM almost always takes too many samples,.   

An opposite extreme is to use the lower-bound of the interval of 
gross value, a so-called Γ-maximin policy [30, 31].  As noted 
earlier, the lower-bound is always below the cost line.  
Consequently, the net value of all additional samples is 
negative, and the DM never collects additional information.  
This extreme policy is defendable according to the basics of the 
method, but it seems to be hard to defend in engineering design 
applications.  There may be some applications (such as 
deterministic data) in which stopping after some initial number 
of samples is optimal, but in many cases, including our design 
example, a decision made without collecting additional 
information will be a bad one.  Therefore, in engineering 
design, this decision policy is clearly unacceptable. 

Of the infinite possible policies between these two extreme 
policies, we have already illustrated one based on the midpoint 
of the bounds.  A midpoint policy is a special case of using the 
Hurwicz criterion [32], a policy that picks a point somewhere 
between the upper and lower-bounds according to an index of 
pessimism and optimism.  In our example problem, we can use 
the supervisor’s knowledge to determine that a midpoint policy 
is clearly better than either a Γ-maximax (upper-bound) or Γ-
maximin (lower-bound) decision policy.  However, this will not 
necessarily be true in general.  Our example problem involved a 
very skewed payoff function—the payoff when the vessel fails 
is very negative (minus $1 million), yet the payoff when it 
succeeds is only slightly positive (the selling price of $200). 

In this section we have mentioned three possible decision 
policies for using the value of information when collecting 
sequential data.  Other policies for reducing the set of possible 
decisions include enforcing conditions of interval dominance, 
E-admissibility, or maximality [30].  However, these policies 
will not always result in a unique decision; they are merely 
means for managing the candidate solution space. 

Clearly the selection of a stopping rule is not a trivial matter.  
What we seek is a decision policy that usually results in good 
designs.  In order to determine the most valuable policy, an 
experiment similar to [22] could be conducted to determine 
which decision policies yield better decisions for this example 
problem.  In such an experiment, an omniscient supervisor with 
perfect knowledge judges the net payoffs of the decisions made 
using the different decision policies.    Based on these payoffs, 
we can judge which decision policies do better and for which 
conditions they do better.  Such information would help a 
designer select a policy suitable for a given decision problem.   

In this paper, we loosely compare the Γ-maximax and midpoint 
policies, and find that the midpoint policy almost always 
performs better.  If this type of analysis can be extended to 
other types of design problems, the method for bounding the 
value of information presented in this paper would have an 
even larger impact of engineering design.  Whether such meta-
data can be captured is an open research question. 

Design decision policies 
As mentioned in the Estimating the Value of Information 
section, we choose a design decision policy based on precise 
probabilities so that we can focus on the effectiveness of using 
imprecise probabilities to estimate the value of information.  
Previous work has shown the value of incorporating the DM’s 
imprecise probabilities directly into the design decision [22].  
Using imprecise probabilities for both the design decision and 
the prediction of the value of information would complicate the 
application of our method for determining the value of future 
information and confound the effects of the two policies.  
However, it appears to be a more realistic representation of a 
typical design problem and could possibly lead to additional 
insightful results. 

P-box construction 
For this experiment, we construct the p-box using 95% 
confidence intervals on our mean and variance estimates as 
explained in the Appendix.  We then proceed to assume that 
this p-box contains the truth.  Further experiments should be 
conducted to evaluate how the design method performs: how 
often is this valid, and what confidence levels are appropriate?  
It is impractical to use 100% confidence intervals because these 
will be infinite.  It may be that alternative methods for 
constructing p-boxes are needed [33].  Similar to the decision 
policy work noted above, it may be that different p-box 
construction policies work better for different design problems.  
Any such relationships need to be explored before this method 
can be put to practical use. 

Computational cost 
The method presented in this paper requires a double-loop 
Monte Carlo simulation for every sample size.  For this 
experiment, the calculation of bounds on the value of the next 
sample takes about 5 minutes with a high number of p-box and 
message samples, though results for runs as short as 30 seconds 
appear nearly as good .  These times are on a single 2.6 GHz 
Pentium 4 processor system with 512 MB of RAM.  This 
computation time is perfectly reasonable, but the computational 
complexity can be expected to increase substantially for more 
complicated design problems.  Future work investigating how 
to compute and simulate directly with p-boxes in order to avoid 
multiple-loop Monte Carlo simulations would be useful. 

Design problems  
The pressure vessel example used in this paper is deliberately 
simple, in order to illustrate the concept.  To assess the general 
applicability of our method, the design example needs to be 
varied. Specifically, several variations of the design problem 
could be investigated.  First, the true distribution could be 
varied.  Second, a situation in which there are multiple 
uncertain parameters could be explored.  Third, the payoff 
function could be varied to consider different levels of risk-
preference.  All of these steps would lead to more general 
conclusions about the applicability of our method. 
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SUMMARY 

In this paper we have introduced the principles of information 
economics and related them to engineering design problems in 
which statistical distributions are not fully known.  The main 
contribution of this work is the formulation of a method by 
which the bounds on the value of information can be calculated 
by a designer during the information collection process through 
the use of imprecise probabilities.  An open question is how to 
make a decision given these bounds on value.  We have 
explored several example situations and decision policies, 
described the limitations, and identified areas for future work. 
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APPENDIX: CONSTRUCTING A P-BOX FROM 
LIMITED DATA 

PBA is a recently developed method, and most publications 
have focused on introducing the concept of PBA, explaining its 
theoretical value, and introducing methods for computing with 
p-boxes [34-36].  Only more recently have researchers 
addressed the construction of p-boxes from sample data [33]. 

While several approaches exist [33], we choose a pragmatic 
approach based on standard statistical confidence intervals.  In 
this example, the designers assume the true yield strength ( )X  
is normally distributed, but with unknown mean and variance: 

2~ ( , )X Normal µ σ . 

One basis of reference for the true but unknown µ  and 2σ  are 
the minimum variance unbiased point estimates: 

1
1

ˆ
n

in i
x xµ

=
= = ∑  and  12 2 2

1 1
ˆ ( )

n
in i

s x xσ − =
= = −∑ , 

where the ix ’s are the sample observations, and n  is the 
sample size.  These quantities are called respectively the 
sample mean and sample variance and are commonly used in 
pure probabilistic approaches.  In order to construct a p-box, we 
broaden these point estimates to confidence intervals.  In this 
experiment, a 95% confidence level is used. 

Confidence interval for the mean: 
Since 1x , 2x , …, nx  is a random sample from a normal 
distribution with unknown mean µ  and unknown variance 

2σ ,  the sampling distribution of the statistic 

(A1)   
ˆ

t
s n
µ µ−

=   

is the t distribution with 1n −  degrees of freedom.  Letting 
2, 1ntα −  be the upper 2α  percentage point of the t distribution 

with 1n −  degrees of freedom, it can be shown that 

{ }2, 1 2, 1 1n nP t t tα α α− −− ≤ ≤ = − . 

Substituting for t  in Equation (A1) and solving for the mean 
µ , we arrive at a ( )1 100%α−  confidence interval for the 
mean 

(A2) / 2, 1 / 2, 1ˆ ˆ[ , ] [ , ]n nt s n t s nα αµ µ µ µ− −= − + . 

Confidence interval for the variance: 
Since 1x , 2x , …, nx  is a random sample from a normal 
distribution with unknown mean µ  and unknown variance 

2σ ,  it can be shown that the sampling distribution of 

(A3)              
( ) 2

2
2

1n s
χ

σ
−

=    

is chi-square with 1n −  degrees of freedom, where n  is the 
sample size and 2s  is the sample variance [37].  To develop the 
confidence interval, we note that 

{ }2 22
1 2, 1 2, 1 1n nP α αχ χ χ α− − −≤ ≤ = − . 

Substituting for 2χ  in Equation (A3) and solving for the 
variance 2σ , we arrive at a ( )1 100%α−  confidence interval 
for the variance 

(A4)          [ ] ( ) ( )2 2
2 2

2 2
2, 1 1 2, 1

1 1
, ,

n n

n s n s

α α
σ σ

χ χ− − −

⎡ ⎤− −
= ⎢ ⎥
⎢ ⎥⎣ ⎦

. 

A table of t  and 2χ  values is found in most probability and 
statistic books, such as [37].  
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